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Abstract 

Magnetic resonance techniques are among the most powerful methods for characterization. 

However, they inherently suffer from an intrinsically low signal-to-noise due to the weak 

interaction of the nuclear spin with external magnetic fields. Hyperpolarization methods 

circumvent this limitation by deriving non-equilibrium spin polarization from an external 

source of spin order, dramatically increasing the magnetic resonance signals. Signal 

Amplification By Reversible Exchange, or SABRE, is a relatively new and promising method 

that derives spin hyperpolarization from parahydrogen, the singlet spin isomer of dihydrogen, 

allowing it to operate at a fraction of the cost of other hyperpolarization methods. A target 

molecule and parahydrogen transiently bind an organometallic complex, during which time 

polarization is transferred from the parahydrogen to target nuclei. The reversible nature of this 

interaction makes the hyperpolarization method readily scalable, giving SABRE the potential 

to supplant older, more expensive techniques and bring hyperpolarization technology to a 

broader audience. 

 However, the current demonstrations of SABRE generate polarizations that are about 

an order of magnitude away from the upper theoretical limits of the technique, and variants 

of this experiment have been limited in target scope by the underlying physics. To address 

these limitations, this dissertation returns to examine the theoretical underpinnings of SABRE, 

and in doing so re-interrogates the unification of chemical exchange and quantum dynamics. 

We derive exact formulations of the chemical exchange interaction in both the magnetic 

resonance limits, which is used to construct a physically exhaustive computational model for 
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SABRE. This model then facilitates in silico exploration of the system and permits us to address 

experimental limitations of the method. In particular, this dissertation utilizes simulations to 

develop and expand the capabilities of SABRE performed at arbitrarily high magnetic fields. 

We show that the limitations in the scope of SABRE imposed by the spin physics under these 

conditions may be removed, culminating in the first demonstration of simultaneous 

hyperpolarization of multiple components. This expansion is a key step towards translating 

SABRE into areas of conventional magnetic resonance such as biomolecular NMR and 

metabonomics. The theoretical framework presented here provides access to new routes for 

optimizing SABRE hyperpolarization, and we demonstrate that sequences may be developed 

to generate up to a five-fold increase in performance. Finally, we extend the theoretical 

treatment of chemical exchange within the Lindblad formalism to obtain exact master 

equations that are valid in any physical limit. 
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Chapter 1: Introduction 

Nuclear magnetic resonance has been considered among the most versatile and ubiquitous 

techniques in the natural and physical sciences for decades1-4. Broadly, these techniques 

interrogate the quantum mechanical property of nuclear spin and its magnetic interactions. 

Until the advent of the laser, magnetic resonance was the height of esoteric physics5, 6, made 

possible by highly developed hardware coupled with a robust theoretical formalism7. As a 

spectroscopy, nuclear magnetic resonance (NMR) is second to none in its ability to coherently 

control the dynamics of quantum systems4, 8, 9. It is the only known technique that 

simultaneously boasts atomic resolution and the ability to monitor molecular dynamics across 

nearly fifteen orders of magnitude in time4, 10. Furthermore, magnetic resonance imaging (MRI) 

is among the most powerful medical imaging modalities, which, beyond its ability to non-

invasively acquire high resolution in vivo images, can do such things like see thought (functional 

MRI11-14) and characterize regions of cerebral ischemia (diffusion weighted imaging15-17), critical 

in the treatment of vascular occlusions (Fig. 1). 

 Despite its broad applications in virtually every field of science, nuclear magnetic 

resonance is fundamentally limited by low signals that arise from weak interactions of nuclear 

spins with external magnetic fields. The observed signal in magnetic resonance is proportional 

to the spin polarization ὖ, which for a nucleus such as 1H in a magnetic field ὄ is, 

ὖ ÔÁÎÈ
‎ὄ

ςὯὝ
 ρȢρ 
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where ‎ is the gyromagnetic ratio of the nucleus (its sensitivity to the magnetic field), Ὧ  is the 

Boltzmann constant, and Ὕ is the temperature of the system. Equation 1.1 will be derived later 

from the Boltzmann distribution, but it is interesting to put the expression into context. To 

generate ὖ ρϷ on 1H, which has the second-highest sensitivity to the magnetic field 

(tritium, 3H, has the highest sensitivity but is only 10-18 abundant), requires a magnetic field of 

ὄ σπππ Ὕ at room temperature (where the thermal energy is ὯὝ ςπχ ὧά ). For 

reference, the largest commercially available NMR spectrometer as of 202018 uses a ὄ

ςψȢς Ὕ magnet, where ‎ὄ πȢπτ ὧά  and thus ὖ πȢπρϷ. Detecting signals of nuclei 

like 15N is even more difficult, as they only have 1/10 the gyromagnetic ratio as 1H, thus having 

a fraction the spin polarization, and are additionally ~1/200 as abundant. For conventional  

magnetic resonance, decades of engineering have been devoted to improving the sensitivity of 

the detection coils, such as the use of cryogenically cooled coils to reduce thermal noise. Even 

with state-of-the-art hardware, conventional techniques are still orders-of-magnitude removed 

Figure 1: Nuclear magnetic resonance techniques. A. NMR spectroscopy is a powerful tool for 
materials characterization, as spectra are readily interpretable and can be correlated to 
molecular structure. Here, we show a spectrum of four different 15N-labelled compounds, each 
having a unique signature in the spectrum. B. Magnetic resonance imaging (MRI) allows non-
invasive in vivo imaging, and is an essential diagnostic clinical modality. Here, we show images 
of an asystolic mouse collected in a pre-clinical 1T imager.  
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from the upper limit of the signals that would be possible if every spin contributed to the 

observable signal. 

 At the frontier of magnetic resonance are hyperpolarization techniques19-52, which 

circumvent the inherently low signal strength by artificially inducing a large, non-equilibrium 

spin polarization on nuclear targets (Fig. 2A). Typically, this is done by deriving the 

hyperpolarized signal from a source of òspin orderó, which is prepared in a highly polarized 

state by a separate process. Under certain conditions, the source of spin order can be put into 

Figure 2: Hyperpolarized magnetic resonance. A. When thermally polarized at standard 
temperature (blue), spins nearly equally occupy the ground (‌) and excited (‍) spin states as the 
energy splitting between these states is much smaller than thermal energy (ὯὝ). 
Hyperpolarization aggravates this difference by deriving polarization (P) from an external source 
of spin order. B. At room temperature, signals arising from rare nuclei like 15N are not detected 
with a single scan, even in a superconducting magnet. However, the hyperpolarized signal is 
clearly visible in a single scan, which was generated here using irradiation of a SABRE sample at 
8.45T. C. SABRE generates hyperpolarization through transient interactions of parahydrogen and 
a substrate with an iridium catalyst. During this interaction, polarization flows to the target 
nuclei, after which the substrate dissociates to form hyperpolarized species in solution. 
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magnetic contact with the target nuclei and its polarization may be transferred to those spins, 

generating a hyperpolarized state. Hyperpolarized nuclei generate significantly larger NMR 

signals than are available under thermal conditions (Fig. 2B). The conditions under which 

hyperpolarization can be created are largely dependent on the source of spin order, the source 

complexity and its lifetime.  

Dynamic Nuclear Polarization (DNP) is perhaps the most commonly encountered of 

the hyperpolarization methods, as the technique was first experimentally realized in the early 

1950s53-68. This technique can be coupled with MRI to directly observe metabolic rates in vivo, 

giving clinicians a powerful tool in the detection of malignant lesions that would be difficult 

to demarcate in conventional MRI images59, 69-75. It has also been shown to couple with solid 

state NMR for the characterization of insensitive nuclei in materials76, 77. DNP derives nuclear 

hyperpolarization from an electron spin, which can be prepared with near unity polarization 

at low (1.5K) temperatures and modest (3T) magnetic fields. Polarization can be driven from 

the electron spin to nuclear spins in the presence of intense microwave irradiation, which is 

necessary as DNP-active transitions are nearly quantum-mechanically forbidden. This results 

in polarization being transferred to the target nuclei slowly, on the timescale of hours, and a 

large financial cost for the instrumentation required to manipulate the electron spin at 

cryogenic temperatures (the commercially available SpinLab DNP is $2.5M). For this reason, 

there are fewer than 50 SpinLab instruments in the world. 

 An alternative source of spin order is parahydrogen, the singlet (Ὓ) spin isomer of 

dihydrogen, as it can be prepared with modest cooling (40K) by the ton and is stable for years. 

The singlet state of H2 has no angular momentum and no magnetic moment, whereas the 

triplet (ὝȟὝȟὝ ) states of H2 have both angular momentum and magnetization. These states 
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are separated in energy by the large rotational constant of H2, which makes it possible to enrich 

the parahydrogen state. Perhaps its most straightforward use is in ParaHydrogen Induced 

Polarization (PHIP) hyperpolarization experiments such as òParahydrogen And Synthesis 

Allow Dramatically Enhanced Nuclear Alignment (PASADENA)27, 28, 78-80, where 

parahydrogen is catalytically added across unsaturated bonds in organic molecules. As a 

hyperpolarization technique, PASADENA is limited as it often requires specialized reaction 

conditions and catalysts for different substrates. The substrate scope is additionally restrictive, 

as the experiment requires that the target has an unsaturated bond across which the 

parahydrogen may be added. To overcome the chemical restrictions of PHIP, the Duckett 

group introduced Signal Amplification By Reversible Exchange (SABRE), a non-

hydrogenative PHIP variant that transiently permits magnetic contact between parahydrogen 

and a target ligand mediated by an iridium catalyst (Fig. 2C)38, 81. In this method, parahydrogen 

(H2) binds the hyperpolarization catalyst and forms an iridium-dihydride (ὍὶὌ ) complex. 

During these transient interactions, the magnetic asymmetry induced by binding to the iridium 

complex allows the parahydrogen-derived hydride singlet state to be unlocked and 

hyperpolarization is transferred to target nuclei. This allows a more diverse target scope 

without chemical alteration. 

 SABRE has gained much attention over the last decade, as it has potential to overcome 

DNP as the preeminent hyperpolarization technique. In addition to having less stringent 

experimental conditions to generate parahydrogen, SABRE has been shown to generate 

polarizations exceeding 20% in less than a minute, orders of magnitude faster than DNP49. 

Furthermore, the initial setup cost for SABRE can be as low as a few hundred dollars, which 

is a small fraction of the cost for a commercial DNP. While the original implementation of 

SABRE targeted 1H, work from Warren and coworkers extended SABRE to heteronuclei. In 
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2014, they introduced the Low Irradiation Generates Hyperpolarization Transfer for SABRE 

(LIGHT-SABRE) pulse sequence52, which generates hyperpolarization directly in the NMR 

spectrometer using microwatt radiofrequency pulses to transfer the spin order from the 

parahydrogen singlet state into a magnetized state. Shortly thereafter, they also introduced the 

SABRE-SHEATH (SABRE in Shield Enables Alignment Transfer to Heteronuclei) 

experiment, which generates much larger hyperpolarization than LIGHT-SABRE using static, 

microTesla magnetic fields with even fewer experimental restrictions51. Hundreds of substrates 

have been hyperpolarized following these advancements, with typical polarization levels on 

the order of 2-5% for 15N nuclei44, 45, 48-51, 82-88. Together, these experiments belong to the class 

of extended SABRE, or X-SABRE, experiments. 

 The original X-SABRE experiments were motivated from spin dynamics that have 

been understood for decades and it is beneficial to briefly introduce these concepts to frame 

the work presented here. We will use the LIGHT-SABRE experiment as an example, and will 

discuss how population flows both by coherent (quantum) interactions and by exchange 

(chemical) interactions to generate hyperpolarization (Fig. 3A). At the start of the experiment,  

the parahydrogen overpopulates a state proportional to the singlet state on the two hydrides, 

which is denoted as either ȿὛ‌ἃ or ȿὛ‍ἃ, which are populated nearly equally. The ‌ and 

‍ part of these states refer to the aligned (up) spin (‌) or anti-aligned (down) spin (‍) states 

of the hyperpolarization target ligand, and the population difference between these states 

determines the polarization of the system. When in the NMR spectrometer, the populations 

are essentially locked in these states, which means that when the target dissociates, there is still 

essentially equal population in both ȿ‌ἃ and ȿ‍ἃ and thus no hyperpolarization. However, a 

radiofrequency pulse with a magnitude approximately equal to the hydride-hydride coupling 
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(‘ὡ powers) and a frequency slightly offset from the resonance frequency of the target 

nucleus can selectively transfer population from ȿὛ‌ἃO ȿὝ‍ἃ, as shown in Fig. 3A, or 

can transfer population from ȿὛ‍ἃO ȿὝ‌ἃ depending on the carrier frequency of the 

pulse. If  the ȿὛ‌ἃO ȿὝ‍ἃ transition is excited, upon exchange there will be more 

Figure 3: Coherent dynamics in the LIGHT-SABRE experiment. A. As hyperpolarization is 
generated on the iridium-bound species (red), it reversibly exchanges with free target (blue) in 
solution. In the absence of the pulse, population is locked in the original states. However, the 

pulse permits population transfer to a magnetized state, in this case Ὕ‍  that, when exchange 

occurs, generates hyperpolarized target in solution. B. (Top) The spin polarization oscillates as a 
result of quantum mechanical evolution in the system while exchange generates an 
accumulation of hyperpolarization. When continuously driving the matching condition, the 
resultant polarization is highly dependent on the residence time on the iridium complex as the 
destruction of polarization is allowed (decreasing polarization). However, by pumping the anti-
crossing condition (bottom, darker lines), one can arrest the coherent dynamics and significantly 
improve the resultant hyperpolarization. 
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population in the ȿ‍ἃ state than there was in the ȿ‌ἃ state, generating hyperpolarization on 

the free species. The condition where population is allowed to flow between the initial and 

final states is referred to as a matching condition or resonance condition. Importantly, the 

ȿὛ‌ἃO ȿὝ‍ἃ and ȿὛ‍ἃO ȿὝ‌ἃ transitions have different matching conditions, 

which is what permits hyperpolarization. By holding the system at the matching condition, or 

in terms of the LIGHT-SABRE experiment continually irradiating the sample, one catalytically 

generates hyperpolarization while the targets reversibly bind the hyperpolarization catalyst, 

allowing for the bulk generation of hyperpolarized target in solution. Using this as the 

motivation, LIGHT-SABRE was shown to generate signals approximately ρυπ the thermal 

15N-pyridine signal. This spin physics will be formally treated in Chapter 2. 

 While the initial flow of population at resonance transfers population into the 

magnetized state, the coherent dynamics will eventually reverse the flow of population and 

begin to destroy the target magnetization (Fig. 3B), which we will refer to as back-pumping. 

This oscillatory structure is the hallmark of coherent quantum dynamics. As exchange is 

occurring continuously throughout the SABRE process, the final polarization is strongly 

dictated by the residence time of the target on the iridium complex. For instance, if the target 

exchanges off the complex prior to the maximum in the coherent dynamics, then the 

polarization of the free species will be additive and the hyperpolarization will increase. 

However, if the lifetime of the target is much longer than the period of the coherent dynamics, 

then the resulting hyperpolarization will be largely attenuated by the back-pumping.  

As the matching condition is only met when the heteronuclear target is irradiated, 

simply turning the pulse off after a fixed amount of time will effectively turn off the matching 

condition and prevent the destruction of polarization. Then, waiting for some time to permit 
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exchange off the catalyst can dramatically increase the resulting polarization, even though the 

time spent driving the transition diminished (Fig. 3B). This idea was experimentally 

demonstrated by comparing the resulting polarizations from the continuous LIGHT-SABRE 

and the pumped LIGHT-SABRE pulse sequences (Fig. 4)89. An approximate ςȢυ  increase 

in the resulting hyperpolarization is observed when the ȿὛ‍ἃO ȿὝ‌ἃ transition is 

coherently pumped simply by preventing back- pumping of the system. Additionally, the 

coherent spin dynamics of the SABRE system were observed for the first time by scanning 

time that the system is at resonance, which is accomplished by changing the pulse length ὸ 

and monitoring the resulting hyperpolarized signal. This provided access to the underling 

Figure 4: Pumping the matching condition in SABRE. A. The Ὓ‍ ᴼ Ὕ‌  transition is 

ŜǎǎŜƴǘƛŀƭƭȅ ŀƭǿŀȅǎ ΨƻƴΩ for the entire experiment in the continuous LIGHT-SABRE pulse sequence, 
which is only periodically interrupted to store the magnetization generated along the irradiation 
field (ὼ) along the leading magnetic field (ᾀǶ). B. Only turning this transition on for a time ὸ to 

generate magnetization and then turning it off for a period ὸ to permit exchange more 
efficiently pumps magnetization, which is called the pumped LIGHT-SABRE sequence. C. Scanning 
ὸ for a fixed value of ὸ τππ άί and repeating this sequence for 60 s creates significantly 

more polarization (blue) than the continuous LIGHT-SABRE sequence (gray). In this case, the 
transition is driven slightly off-resonance to directly generate magnetization along the leading 
field (ᾀǶ). The blue line is the simulation result from the theoretical model developed in this work. 
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dynamics of the system and was the first step towards decoupling the interplay between 

coherent and exchange effects in SABRE. 

The pumped LIGHT-SABRE and analogous SABRE-SHEATH experiments 

developed by Shannon Eriksson in the Warren lab89 showed that driving the system for as 

little as 5% of the total experiment time could actually generate a larger hyperpolarization than 

continuously driving the transition. This stood in contrast to what was motivated by framing 

SABRE in the context of conventional magnetic resonance. As such, it became evident that a 

new approach to optimizing SABRE would be required. The analytical theoretical framework 

from which most conventional NMR are motivated7, 90, 91 assumes that the system itself is static, 

i.e. molecular parameters do not change with time. However, SABRE requires chemical 

exchange to catalytically generate hyperpolarization, which introduces time-varying molecular 

parameters and drives interpretation of the system away from the analytical treatments used 

in conventional NMR. The theoretical description of coherent dynamics in systems 

undergoing chemical exchange was originally described by Binsch in 196892 as an extension to 

Redfieldõs relaxation theory93. However, the statistical assumptions required for relaxation are 

very different than those required for chemical exchange. This realization has guided a 

significant amount of the theoretical work presented here, which resulted in the complete re-

interrogation of the chemical exchange interaction. 

This work introduces a more robust approach to the development and optimization 

of SABRE experiments. Conventional analytical theory is used to guide the construction of 

new techniques that focus on expanding the scope and capabilities of X-SABRE experiments, 

but is subject to computational optimization of the system to ensure that the effects of 

exchange are fairly incorporated. The pairing of analytical and computational theoretical 
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methods is validated by experimentation. To that end, Chapter 2 will summarize the theoretical 

basis necessary to facilitate subsequent discussions as well as to introduce notation and 

conventions to be used throughout this dissertation. Chapter 3 will then address the 

advancements in the theory of unifying spin dynamics and chemical exchange in SABRE and 

will introduce the exhaustive SABRE-specific computational models upon which the 

remainder of the work is based. Chapter 4 details efforts to experimentally unveil coherent 

hyperpolarization dynamics in SABRE at high magnetic field and builds off of these 

advancements with demonstrations of the ability to harness coherently driven SABRE in 

experimental regimes that were previously inaccessible. Chapter 5 explores new directions to 

expand the capabilities of ultralow field X-SABRE in an effort to develop means to control 

the dynamics under these conditions and thus optimize hyperpolarization performance. 

Finally, Chapter 6 will return to the treatments of exchange presented for magnetic resonance 

in Chapter 3 and introduce the exact form of the exchange interaction that is valid in any 

physical limit, which will be explored in both for the cases of magnetic resonance as well as 

the coherent ultrafast spectroscopies. 
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Chapter 2: Theoretical Basis 

Spin angular momentum presents an interesting theoretical predicament in quantum 

mechanics, as its dynamics and properties are well understood and yet, spin has no convenient 

interpretation as a parallel to classical mechanics. Angular momentum in classical mechanics 

is a combination of the rotational momentum of a system about an origin (a planet orbiting a 

sun) called orbital angular momentum, as well as the rotation of a system about its center of 

mass (the revolution of a planet) called the spin angular momentum. While it is enticing to 

project these concepts onto quantum particles, any angular momentum arising from the 

motion of such particles corresponds to the orbital angular momentum. Additionally, quantum 

particles have an intrinsic angular momentum that is called spin angular momentum, which 

was first inferred from high resolution atomic hydrogen spectra94 and experimentally 

confirmed in the Stern-Gerlach experiment95. However, it was not until Diracõs relativistic 

treatment of quantum mechanics96 that this spin angular momentum was accepted on a 

theoretical basis. Here, the necessary spin physics will be summarized so to facilitate the 

coming discussions and conventions will be introduced. 

 

2.1 Interactions of spin-1/2 nuclei 

We will predominantly treat nuclei with spin Ὅ ρȾς, as they are the most commonly used 

nuclei in magnetic resonance as they have sharp spectral features and are readily found in many 

target compounds. Commonly encountered spin-1/2 nuclei are 1H, 13C, 15N, 19F, and 31P. When 
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discussing multiple different spin-1/2 nuclei, we will use ╘, ╢, and ╛ for various spin-1/2 

particles. Nuclear spin is a convenient system to study quantum mechanics, as the spin 

Hamiltonian may be written down exactly. Before examining this case, let us review the general 

case. As elements of the Hamiltonian are changed, the resulting eigenstates will be comprised 

of different linear combinations of basis states. This is called òmixingó of the basis states and 

indicates which states are coupled to one another. Before examining the different types of 

couplings that may arise, we will examine a more general case. Conditions where states become 

mixed are called resonance or matching conditions. Matching conditions indicate the states of 

a system between which population is allowed to flow and are critical in understanding 

spectroscopy. To exemplify this, we can analyze a model two-level system consisting of a 

ground, ȿπἃ, and excited, ȿρἃ, state with an energy difference ɝ and a coupling rate ὠ (Fig. 5). 

Throughout this discussion, we will use Dirac notation to delineate states from other vector 

quantities. The matrix form of this Hamiltonian is then: 

꞊
π ὠ
ὠ ɝ

 ςȢρ 

Figure 5: Energy eigenvalues of a two-level system. In the absence of a coupling (ὠ π), the 
eigenstates of the system are ȿπἃ and ȿρἃ, and the states do not mix even when ῳ π when the 
states are degenerate. This condition is called a level crossing. However, with a coupling (ὠ ρ) 
the ȿπἃ and ȿρἃ states mix, leading to the generation of an avoided crossing, or level anti-crossing 
(LAC). At an avoided crossing, population is allowed to flow between the ȿπἃ and ȿρἃ states. 
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The energy eigenvalues of this Hamiltonian are ɝ Ѝτὠ ɝ Ⱦς, which may be solved 

by diagonalizing the Hamiltonian. Plotting these eigenvalues as a function of the energy 

separation, ɝ, yields an important analysis of coupled energy states. In the absence of a 

coupling, the two states do not mix and populations are locked in these two states. This 

condition is called a level crossing, as the eigenvalues (the energy) cross without mixing the 

states. A non-zero coupling permits mixing of the basis states and generates an avoided 

crossing or, as it is often referred to in the hyperpolarization community, a level anti-crossing 

(LAC). At an avoided crossing, population is allowed to flow between the basis states, and as 

such, the analysis of matching conditions is often employed in the construction of 

spectroscopy experiments. The mixing of the ȿπἃ and ȿρἃ states is maximized when ɝ π for 

any non-zero coupling, indicated when the diagonal elements of ꞊ are degenerate. This 

condition defines the resonance condition for a given transition. 

We may now progress to spin physics as it pertains to nuclear magnetism. In particular, 

we will treat nuclear spin within a molecule and will restrict discussion to the case where the 

molecule is in a closed shell electronic configuration where all electrons are paired. Spin is a 

vector quantity, and as such may be expanded to have the components: 

╘Ͻ▪ ὲὍ ὲὍ ὲὍ 

Ὅ
ρ

ς
π ρ
ρ π

ȠὍ
ρ

ς
π Ὥ
Ὥ π

ȠὍ
ρ

ς
ρ π
π ρ

Ƞ 

ςȢς 

Each of the spin operators used to decompose ╘ may be expressed in terms of the Pauli matrix 

according to Ὅ „Ⱦς. These are written in the basis ρ πȟπ ρ , which will gain 

physical meaning momentarily. The most fundamental interaction for nuclear spins is the 

interaction with an external magnetic field, called the Zeeman interaction. The nuclear spin ╘ 
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has a magnetic dipole moment Ⱨ that is collinear with and proportional to it, expressed as Ⱨ

‎╘ where ‎ is the gyromagnetic ratio of the nucleus. The interaction energy of the dipole with 

the field (║) is well known from classical physics as: 

Ὁ ⱧϽ║ ‎╘Ͻ║ ‎ȿ╘ȿȿ║ȿÃÏÓ— ςȢσ 

For positive ‎, we see that the energy is minimized when the magnetic dipole is parallel to the 

magnetic field and maximized when anti-parallel the magnetic field. As such, it is convenient 

to describe the system in terms of an aligned ȿ‌ἃ state and an anti-aligned ȿ‍ἃ state. These 

states define the basis used above and have the correspondence ȿ‌ἃȟȿ‍ἃ

ρ πȟπ ρ . Using the convention for the leading magnetic field ║ ὄ◑ reduces the 

energy to the simpler form: 

Ὁ ‎ὄὍ ‫Ὅ ςȢτ 

We have defined the Larmor frequency ‫ ḳ ‎ὄ, and will continue with this sign 

convention through this work, noting that a positive Larmor frequency corresponds to a 

negative energy.  

We may use the operators defined in eq. 2.2 to represent the components of the spin 

angular momentum when constructing the system Hamiltonian. The Zeeman Hamiltonian 

can then be written for an N-spin system as: 

꞊ ‫ȟὍ ςȢυ 

This Hamiltonian is diagonal in the so-called Zeeman basis, which is constructed of 

permutations of the ȿ‌ἃȟȿ‍ἃ basis set. In conventional NMR spectrometers, the Zeeman 

interaction has a magnitude on the order of ὉȾὬ  10-500 MHz, depending on the nucleus 
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and field. The Zeeman interaction is often the largest interaction for spin-1/2 nuclei, and 

dictates which nuclei are observed in a magnetic resonance experiment by separating the 

frequencies of various nuclei to be separated by many MHz at conventional spectrometer 

fields of ὄ ρὝ. When constructing this Hamiltonian for an N-spin system, the basis set 

must span all of the permutations of the different spin states, which is easily constructed by 

taking the tensor product (ṧ) with appropriately-positioned identity matrices (Ὁ, ὲ denotes 

the dimensionality). For instance, the operator Ὅ  in a two spin-1/2 system is Ὅ ὍṧὉ, 

and Ὅ ὉṧὍ.  

In addition to interacting with the magnetic field, spins can interact with each other 

through couplings. The first of these couplings is the dipolar coupling, which arises between 

two spins ╘ and ╢, and has a typical magnitude of ὉȾὬ  1-10 kHz. The full dipolar coupling 

Hamiltonian may be derived from the classical dipolar interaction, making the substitution for 

the magnetic moment as employed previously, giving: 

꞊
‘‎‎ᴐ

τ“

σ╘Ͻ► ╢Ͻ►

ὶ

╘Ͻ╢

ὶ
 ςȢφ 

The vector ► connects the two spins 

►  
ὶÓÉÎ—ÃÏÓ‰
ὶÓÉÎ—ÓÉÎ‰
ὶÃÏÓ—

ȟ ςȢχ 

— describes the polar angle, distended from ᾀǶ, and ‰ describes the azimuthal angle. At high 

magnetic field, this Hamiltonian can be reduced to its secular component, or those terms 

which commute with the Zeeman Hamiltonian (i.e., does not change the Zeeman energy). 

Using the notation Ὅ Ὅ ὭὍ, this gives: 
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꞊
‘‎‎ᴐ

τ“ὶ
σÃÏÓ— ρ ὍὛ

ρ

τ
ὍὛ ὍὛ  

꞊ Ὠ σÃÏÓ— ρ ὍὛ
ρ

τ
ὍὛ ὍὛ  

ςȢψ 

This is one of the few instances where keeping the factor of ᴐ is useful, noting that ‎ is in 

units of rad s-1 T-1 by convention. The constants have been collected into the secular dipolar 

coupling, Ὠ , which we have defined as: 

Ὠ
‘‎‎ᴐ

τ“ὶ
 ςȢω 

As an example, the dipolar coupling of two 1H nuclei separated by 2.5Å is Ὠ χȢφψχ ὯὌᾀ. 

The term ὍὛ ὍὛ  only commutes with the Zeeman Hamiltonian if both spins are the 

same (homonuclear), whereas this term will not commute with the Zeeman Hamiltonian for 

heteronuclear spins. In this case, the dipolar Hamiltonian reduces to ὨὍὛ. In the case of a 

spherical sample of an isotropic liquid, diffusional motion orientationally averages this 

interaction to zero for nearby spins and is therefore unobservable in the spectrum. However, 

the isotropic averaging is not present in the solid state and thus the dipolar coupling is 

observable in a solid-state spectrum. Notably, the dipolar interaction will disappear when 

σÃÏÓ— ρ π, which is at an angle — υτȢχЈ called the ômagic angleõ. Rotating the 

sample about this angle at a rate faster than the dipolar coupling essentially induces isotropic 

averaging, which is the motivation behind magic angle spinning (MAS) NMR experiments. It 

is important to note that some use the notation σὍὛ ὍϽὛȾς for the form of the coupling, 

which is the Hermitian form of the coupling (does not use ὍὛᶸ). 

All terms of the dipolar coupling are present when the condition ꞊ Ḻ꞊  is not 

satisfied as it is at high magnetic field, which is more efficiently written as: 



18 
 

꞊ Ὠ
σὍϽ► ὛϽ►

ὶ

ὍϽὛ

ὶ
Ὠ

ὍϽσ►ẗ► ϽὛ

ὶ

ὍϽὛ

ὶ
 

꞊ Ὠ ὍϽσ►ẗ► Ὁ ϽὛ Ὠ ὍϽɱϽὛ 

ςȢρπ 

Note that identity Ὁ may be placed anywhere in the expression, such as ὍϽὛ ὍϽὉϽὛ. This 

permits us to define the tensor (denoted by an umlaut): 

ɱ

σÓÉÎ—ÃÏÓ‰ ρ σÓÉÎ—ÓÉÎ‰ÃÏÓ‰ σÃÏÓ—ÓÉÎ—ÃÏÓ‰

σÓÉÎ—ÓÉÎ‰ÃÏÓ‰ σÓÉÎ—ÓÉÎ‰ ρ σÃÏÓ—ÓÉÎ—ÓÉÎ‰

σÃÏÓ—ÓÉÎ—ÃÏÓ‰ σÃÏÓ—ÓÉÎ—ÓÉÎ‰ σÃÏÓ— ρ

 ςȢρρ 

A tensor is a convenient mathematical tool that describes linear relations between two objects 

that span the same space. Here, the tensor ɱ determines the rotational dependence of the 

bilinear interaction between the two spins. We may now directly calculate the tensor product: 

ὍϽɱϽὛ ὍὛɱ  

ὍϽ ϽὛ ὍὛɱ ὍὛɱ ὍὛɱ  

ὍϽ ϽὛ ὍὛɱ ὍὛɱ ὍὛɱ  

ὍϽ ϽὛ ὍὛɱ ὍὛɱ ὍὛɱ  

ςȢρς 

The first relation greatly simplifies this process, and the notation ɱ  reduces clutter when 

rearranging this equation. Note that ɱ is a symmetric matrix, meaning that ɱ  and ɱ  will 

have the same rotational dependence. Typically, eq. 2.12 may be cast in a non-Hermitian form, 

as was used to show the secular dipolar coupling above, but certain analysis are more 

convenient by retaining the Hermitian form of the couplings. Together, the above terms form 

the untruncated dipolar interaction. 

The nuclear spin does not only have to interact directly with other nuclear spins but 

can also have substantial magnetic interactions with electrons in the molecule, which are also 
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spin-1/2 particles. To approach an understanding of how these interactions arise, we shall use 

the Pauli description of a massive particle, which can be derived as the non-relativistic limit of 

the Dirac equation. We may write the entire expression in natural units, which are defined by 

ᴐ ὧ ά ρ. The generic form of the Pauli Hamiltonian for a particle with mass ά and 

charge ή is given by: 

꞊
ρ

ςά
ⱭϽ▬ ή═ ή‰ȟ ςȢρσ 

where ═ is the vector potential of the field, ‰ is the scalar potential, and Ɑ are the Pauli spin 

operators corresponding to the spin of the particle. As a brief review of vector calculus, a 

vector field may be generated by the curl (circulation) of a vector potential, ɳ ═, or may be 

generated by the gradient of a scalar potential, ‰ɳ. Specifically, the magnetic vector potential 

can be related to a magnetic dipole Ⱨ as: 

═
Ⱨ ►

ὶ
ᶯ

Ⱨ

ὶ
 ςȢρτ 

The magnetic vector potential is related to ║ by: 

ᶯ ═ ║ ςȢρυ 

For reference, the curl of a vector potential can be calculated as 

ᶯ ═
‬

‬ὼ

‬

‬ώ

‬

‬ᾀ
ὃ ὃ ὃ

Ƕ Ƕ Ὧ
‬

‬ὼ

‬

‬ώ

‬

‬ᾀ
ὃ ὃ ὃ

 

ᶯ ═
‬ὃ

‬ώ

‬ὃ

‬ᾀ
Ƕ
‬ὃ

‬ᾀ

‬ὃ

‬ὼ
Ƕ
‬ὃ

‬ὼ

‬ὃ

‬ώ
Ὧ 

 

ςȢρφ 

To make progress, we may expand eq. 2.13 according to the Pauli vector identity: 
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ⱭϽ╪ ⱭϽ╫ ╪Ͻ╫ ὭⱭϽ╪ ╫ȟ ςȢρχ 

giving: 

꞊
ρ

ςά
ⱭϽ▬ ή═ ή‰ 

꞊
ρ

ςά
▬ ή═ ὭⱭϽ ▬ ή═ ▬ ή═ ή‰ 

ςȢρψ 

Expanding the Ɑ-dependent term and using the definition ▬ Ὥɳ: 

꞊
ρ

ςά
▬ ή═ ὭⱭϽ ▬ ή═ ▬ ή═ ή‰ 

꞊
ρ

ςά
▬ ή═ ὭήⱭϽ▬ ═ ═ ▬ ή‰ 

꞊
ρ

ςά
▬ ή═ ήⱭϽᶯ ═ ═ ᶯ ή‰ 

ςȢρω 

When the Ɑ-dependent term is applied to a wavefunction, ‪, we can write: 

ήⱭϽᶯ ═ ═ ᶯ‪ ήⱭϽᶯ ═‪ ═ ‪ɳ  ςȢςπ 

We may use the vector calculus identity 

ᶯ ═‪ ‪ɳ ═ ═ ‪ɳ ςȢςρ 

to simplify this expression as: 

꞊
ρ

ςά
▬ ή═ ήⱭϽᶯ ═ ═ ᶯ ή‰ 

꞊
ρ

ςά
▬ ή═ ήⱭϽᶯ ═ ή‰ 

ςȢςς 

Finally, eq. 2.15 permits us to write the Pauli Hamiltonian as: 

꞊
ρ

ςά
▬ ή═ ήⱭϽ║ ή‰ ςȢςσ 

The term ⱭϽ║ is the Zeeman interaction of the particle with the magnetic field.  
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To explore electron-nucleus interactions within this framework, we must define 

specific magnetic vector potentials for the molecular system, which follows the derivation 

performed by Abragam1. To do this, it is often advantageous to recast the problem so that 

extraneous degrees of freedom are minimized. In electrodynamics, this is called a gauge 

transformation. We shall use the Coulomb gauge: 

Ͻɳ═►ȟὸ π ςȢςτ 

This gauge permits us to write the vector potential for the field produced by the electron Ὧ as 

═
ρ

ς
║ ► ȟ ςȢςυ 

where ║ is an externally applied field and ► is the vector to the electron from the gauge 

origin. We must also consider magnetic vector potential for the electron Ὧ generated by the 

nucleus Ὦ as: 

═
Ⱨ ►

ὶ
ᶯ

Ⱨ

ὶ
 ςȢςφ 

Notice that this construction frames the problem in terms of the electronic degrees of 

freedom. Furthermore, we can write the magnetic fields in terms of these vector potentials 

according to ║ ᶯ ═. Then, the Pauli Hamiltonian for a molecule of ὔ electrons and ὓ 

nuclei is given by: 

꞊
ρ

ς
▬ Ὡ═ Ὡ ═

Ὡ

ς
╛Ͻᶯ ═ ᶯ ═  ςȢςχ 

▬ , Ὡ, ╛ are the angular momentum, charge, and spin of the electron, respectively, noting 

that in natural units ά ρ. We have chosen to drop the electrostatic terms proportional to 
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the scalar potential ‰ because spin-1/2 nuclei have no magnetic interactions with the 

electrostatic field at the position of the nucleus97.  

At this juncture, we can expand the above equation and retain effects corresponding 

to pertinent interactions in magnetic resonance. The first of these is the chemical shift 

interaction, which arises from the expansion of the first term in the Hamiltonian: 

꞊
Ὡ

ς
═ Ͻ═

Ὡ

ς

ρ

ὶ
Ⱨ ► Ͻ║ ►  ςȢςω 

Note, there are two identical terms of the form above that arise in the expansion, but a factor 

of ρȾς arises when defining ═  in the Coulomb gauge (eq. 2.25). Using the relation 

╪ ╫Ͻ╬ ▀ ╪Ͻ╬ ╫Ͻ▀ ╪Ͻ▀ ╬Ͻ╫ȟ ςȢσπ 

we may rewrite eq. 2.29 as: 

꞊
Ὡ

ς

ρ

ὶ
Ⱨ ► Ͻ║ ►  

꞊
Ὡ

ς

ρ

ὶ
ⱧϽ║ ► Ͻ► ⱧϽ► ║Ͻ►  

꞊
Ὡ

ς

‎

ὶ
ὍϽ► Ͻ► Ͻ║ ὍϽ► Ͻ► Ͻ║  

꞊
Ὡ

ς

‎

ὶ
ὍϽɤὮὯϽ║  

ςȢσρ 

We have defined an orientational tensor ɤ  as: 

ɤ ► Ͻ► ► Ͻ► ςȢσς 
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Unlike the tensor ɱ defined for the dipolar coupling, ɤ  survives spherical averaging and is 

thus observable in conventional liquid state NMR. Note that this interaction is dependent on 

the coupling to the magnetic field induced on the electron in an external magnetic field, which 

is distinct from coupling to the magnetic dipole moment of the electron. Typically, we may 

rewrite ꞊  and integrate over the electronic degrees of freedom to give: 

꞊ ‎╘Ͻ„Ͻ║ ςȢσσ 

„ is the chemical shift tensor. As the chemical shift is dependent on the local electronic 

environment, it is a powerful indicator of chemical structure and is key in the analysis of NMR 

spectra of unknown compounds. Furthermore, „ always acts to oppose the Larmor 

frequency, and thus we adopt the negative sign in accordance with the convention used to 

define the Zeeman Hamiltonian. The chemical shift tensor has the components: 

„

„ „ „
„ „ „
„ „ „

 ςȢστ 

It is often convenient to rotate the reference frame (by a unitary transformation Ὗ) of „ into 

the principal axis of the tensor, which then diagonalizes „ into: 

Ὗ„Ὗ ‏

‏ π π
π ‏ π

π π ‏

 ςȢσυ 

By convention, ‏ ‏ ‏ . As the chemical shift is a tensor quantity, the observed 

chemical shift ‏ is dependent on the orientation of the tensor relative to the external magnetic 

field (assuming ║ ὄ◑), which expressed in spherical coordinates is97: 
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‏ —ȟ‰
‏

ς
σÃÏÓ— ρ

–‏

ς
ÃÏÓς‰ÓÉÎ— ‏  ςȢσφ 

Here, we have defined the anisotropic chemical shift (‏), the chemical shift asymmetry 

parameter (–), and the isotropic chemical shift (‏ ): 

‏
ρ

σ
‏ ‏ ‏ Ƞ ‏ ‏ ‏ Ƞ –

‏ ‏

‏
 ςȢσχ 

In the solid-state (powder) sample, where the orientation is fixed for individual molecules but 

the molecules are randomly oriented to the external field, the NMR spectrum is an average 

over all of the molecular orientations and results in broad lines. Despite this, the NMR 

spectrum has a characteristic shape dependent on the chemical shift tensor (Fig. 6) that reflects 

the different components of ‏. In the case of liquid-state NMR, where the orientation of each 

molecule rapidly changes (ps timescale), the observed chemical shift simply reduces to the 

isotropic chemical shift. The form of the Hamiltonian in this limit may be reduced to: 

Figure 6: Chemical shift anisotropy in solid state NMR. The blue spectrum is the powder-
averaged NMR spectrum of two uncoupled spins. Each spin experiences a different electronic 
environment and thus has a different chemical shift tensor. The components of the chemical shift 
tensor can be read directly from the solid state spectrum. The red spectrum shows the isotropic 
chemical shift of each of these spins, which is what would be observed in the liquid state. 
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꞊ ‎‏ Ὅὄ  ςȢσψ 

To this point, we have examined the magnetic interactions of a spin-1/2 nucleus with 

an external magnetic field (Zeeman interaction), the field produced by another spin-1/2 

nucleus (the dipolar interaction), and the field induced by the electron orbit (the chemical 

shift). We will now examine the last pertinent spin interaction, which also arises from electron-

nucleus interactions in spin-1/2 nuclei and can be found by expanding the spin-dependent 

part of the Pauli Hamiltonian: 

꞊
Ὡ

ς
╛Ͻᶯ ═

Ὡ

ς
╛Ͻᶯ ᶯ

Ⱨ

ὶ
 ςȢσω 

This term is referred to as the orbital coupling describes a coupling between the electron spin 

and the nuclear spin. Expanding the term under summation using the curl of a curl identity 

and rearranging: 

꞊
Ὡ

ς
╛Ͻᶯ ᶯ

Ⱨ

ὶ
 

꞊
Ὡ

ς

ρ

ὶ
╛Ͻᶯ ϽɳⱧ Ⱨᶯ  

꞊
Ὡ

ς

ρ

ὶ
╛ Ͻɳ Ⱨ Ͻɳ ⱧϽ╛ ᶯ  

꞊
Ὡ

ς

‎

ὶ
╘ᶯ╛ Ͻɳ ╛ᶯ

▒

 

ςȢτπ 

The divergence of a vector field, Ͻɳ♪, generates a scalar field and is calculated as: 
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ẗɳ♪
‬

‬ὼ

‬

‬ώ

‬

‬ᾀ
ẗὃ ὃ ὃ

‬ὃ

‬

‬ὃ

‬

‬ὃ

‬
 ςȢτρ 

Now, we may integrate over the electronic degrees of freedom and rewrite the orbital coupling 

Hamiltonian as 

꞊ ‎ὍϽὄȟ ςȢτς 

where we have defined 

ὄ ἂ‪ȿ
ᶯ╛ Ͻɳ ╛ᶯ

ὶ
ȿ‪ἃ ςȢτσ 

as the field produced by the electron at the position of the nucleus. Note that this expression 

is formally the first order correction to the energy and integrates over the ground-state 

electronic wavefunction, ȿ‪ἃ. While this term directly results from the Pauli Hamiltonian, the 

orbital coupling is negligibly small in diamagnetic systems as it is dependent only on one-

electron integrals. However, it has a second-order correction to the energy that is observable: 

꞊
‎‎ ‪ ╘Ͻὄ ά ά╘Ͻὄ ‪

Ὁ Ὁ

 

 ςȢττ 

In this notation, ά indexes over excited electronic states. The scalar coupling is best 

understood as the perturbation by the nucleus Ὦ on the magnetic field generated by the electron 

(‎╘Ͻὄ ) influencing the field at the position of the nucleus ὰ (‎╘Ͻὄ ). In short, the 

electronic spin informs the spin ὰ of the state of Ὦ. This interaction scales with the product of 

the gyromagnetic ratios. Thus, changing ‎ of one of the nuclei but retaining electronic 

structure will (to first order) change the J-coupling as the ratio of the two gyromagnetic ratios, 
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i.e. ὐ ‎Ⱦ‎ὐ. This interaction is bilinear in the orbital coupling interaction for two nuclei 

Ὥ and Ὦ and is referred to as the J-coupling coupling interaction. In tensor form, it is: 

꞊ ╘ϽὐϽ╘ ςȢτυ 

The J-coupling is often extremely small (Hz) and thus is mostly restricted to liquid state NMR, 

where it is not eclipsed by larger magnitude interactions such as the dipolar coupling or 

chemical shift anisotropy. The orientational averaging of the tensor in the liquid state allows 

for the substitution of the isotropic scalar coupling constant ὐ for the ╙ tensor, allowing us 

to write (changing indices): 

꞊ ς“ ὐὍϽὍ ςȢτφ 

The factor of ς“ arises as ὐ is reported in Hertz. For a J-coupling between two nuclei ὃ and 

ὄ is separated by ὲ bonds, it is convention to call this the ὐ  coupling. However, it is often 

convenient when the resonance frequency difference is much larger than the coupling to 

reduce the J-coupling Hamiltonian to its secular terms which commute with the Zeeman and 

chemical shift Hamiltonians. This is always the case for heteronuclear spin pairs at high 

magnetic field and is often referred to as the weak coupling limit, given by: 

꞊ ς“ ὐὍὍ ςȢτχ 

The Hamiltonian of an isotropic liquid state sample will take the general form: 

꞊ ꞊ ꞊ ꞊ ‫ȟ Ὅ‏ ς“ ὐ ╘Ͻ╘  ςȢτψ 

Having established the fundamental spin interactions, we may proceed to examine the 

dynamics of spin systems. 
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2.2 Quantum dynamics and the density matrix 

To this point, we have focused on the energy-level structure of quantum mechanical systems. 

However, we will require a time-dependent description of these systems, which is the focus of 

quantum dynamics. It is often advantageous to formulate time-evolution from the perspective 

of how the dynamics of the system changes with time, which leads to the use of differential 

equations. As a specific example, ‪ὸ is difficult to construct directly for a system with an 

arbitrary set of parameters but is relatively easy to construct ‬‪Ⱦ‬ὸ for such a case and then 

solve for the time-evolution.  

Before exploring evolution in quantum systems, we examine the differential equation 

‬ὥὸ

‬ὸ
Ὧὥὸȟ ςȢτω 

where Ὧ is a scalar that describes the rate at which ὥὸ, a time-dependent scalar quantity, will 

change. For instance, if ὥὸ was a time-dependent position then Ὧ would be the rate at which 

the position is changing over time, or in other words, the velocity. Technically, this equation 

is only parameterized on one variable, which means that it could be written with a total 

derivative ὨȾὨὸ, but we will retain the partial derivative for generality. To solve this equation, 

we will rearrange it such that terms with ὥὸ are isolated and all other variables are on the 

other side of the equality, like: 

‬ὥὸ

ὥὸ
Ὧ‬ὸ ςȢυπ 
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This is generally referred to as separation of variables and is one of the most common 

techniques to solve differential equations. Now, we are attempting to solve for ὥὸ. To 

accomplish this, both sides may be integrated to give: 

‬ὥὸ

ὥὸ
Ὧ‬ὸ 

ÌÎὥὸ

ÌÎὥπ
Ὧὸ 

ςȢυρ 

Exponentiating both sides of the equation isolates ὥὸ: 

ὥὸ Ὡ ὥ ςȢυς 

Note that ὥ ὥὸ π. When Ὧᶰᴙ (reals) and Ὧ π, ὥὸ decays exponentially, when 

Ὧᶰ  (imaginaries), ὥὸ evolves sinusoidally, and when Ὧᶰᴇ, ὥὸ both oscillates and 

decays. In addition to solving a single differential equation, we may also simultaneously solve 

systems of differential equations. If in the example above, ὥᴼ╪ (a vector) and Ὧᴼὑ (a real, 

symmetric matrix, for example), then one may use the same procedure to find the solution of 

‬╪ὸ

‬ὸ
ὑ╪ὸ ςȢυσ 

to be: 

╪ὸ ÅØÐὑὸ╪ ςȢυτ 

If ὑ is diagonal, then each basis state in ╪ evolves independently of one another and has the 

solution 

ὥὸ Ὡ ὥȟȟ ςȢυυ 

and it is often convenient to change the basis set of ╪ to be the eigenbasis of ὑ. 
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In direct correspondence to the case described above, the evolution of a quantum 

mechanical system is governed by the Schrödinger equation 

‬

‬ὸ
ȿ‪ἃ Ὥ꞊ ȿ‪ἃȟ ςȢυφ 

which is integrable to give the solution: 

ȿ‪ὸἃ ᴆÅØÐὭכ Ὠὸ꞊ ὸ ȿ‪ἃ ÅØÐὭ꞊ ὸȿ‪ἃ ςȢυχ 

The exponential is the so-called propagator (Ὗ) of the system, כᴆ is the Dyson time-ordering 

operator, and the second equality holds when the Hamiltonian is time-independent. It states 

that the evolution of the system will be dictated by the system Hamiltonian. While the 

Schrödinger equation is perhaps the most prolific equation of quantum mechanics, it is rarely 

advantageous to interrogate spectroscopy within this formalism. Experiments rarely probe a 

purely quantum mechanical system, but rather a statistical ensemble of particles that evolve 

quantum mechanically. Within ȿ‪ἃ, it is not obvious how one handles statistical averaging over 

an ensemble, as each wavefunction corresponds to a pure quantum state. 

 To address this, we may introduce the density matrix ”, which is a statistical tool 

developed to describe a single particle or an ensemble of particles. It is defined as 

” ύ ‪ ‪ ȟ ςȢυψ 

where ύ are weights and ‪  are the pure states of the system. Doing so allows us to write 

a statistical mixed state as a linear combination of pure states, permitting us to perform 

ensemble averages. In doing so, any interaction between particles in the ensemble are omitted, 

which will cause problems to be addressed in future chapters. The density matrix is positive 
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semi-definite (when diagonal, π ” ᶅὭ) and idempotent (” ”). Furthermore, the 

elements of the density matrix are more interpretable than those in a wavefunction. For 

instance, the element ” ὧᶻὧ and directly gives the probability of being in the state ȿ‪ἃ. 

As such, the trace of the density matrix is always unity. When the density matrix is written in 

the Hamiltonian eigenbasis, off-diagonal elements ” ὧᶻὧ represent coherences between 

states. While the idea of coherences is quite abstract, it is easiest to think of a coherence as 

population in one eigenstate òtalkingó with population in another eigenstate. In the case of an 

ensemble, this òtalkingó is happening simultaneously with all of the particles and defines a 

macroscopic coherence, which in the case of magnetic resonance manifests as a bulk 

magnetization perpendicular to the leading field. This will be momentarily elaborated on in 

greater detail. 

 The evolution of a density matrix can be found by first taking the definition of ” and 

inserting the solution of the Schrödinger equation (which will be done in the time-independent 

Hamiltonian case for legibility): 

”ὸ ύÅØÐὭ꞊ ὸ ‪ȟ ‪ȟ ÅØÐὭ꞊ ὸ ςȢυω 

Realizing that Вύ ‪ȟ ‪ȟ ḳ”, the initial density matrix, the evolution becomes: 

”ὸ ÅØÐὭ꞊ ὸ”ÅØÐὭ꞊ ὸ ςȢφπ 

To find the equation of motion, we may take the time-derivative of the solution: 

‬

‬ὸ
”ὸ Ὥ꞊ ÅØÐὭ꞊ ὸ”ÅØÐὭ꞊ ὸ ὭÅØÐὭ꞊ ὸ”ÅØÐὭ꞊ ὸ꞊ ςȢφρ 

Using the definition of ”ὸ and the commutator, this expression is immediately simplified as 
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‬

‬ὸ
”ὸ Ὥ꞊ ȟ”ὸȟ ςȢφς 

which is known more generally as the Liouville-von Neumann equation. It is a central result 

of statistical quantum dynamics and will be the foundation of the discussions to follow on 

coherent dynamics. Thus, it is important that manipulations of this equation are understood. 

 We begin by identifying the equilibrium density matrix, ”, for a spin system. The 

various states of the density matrix will be populated according to Boltzmann statistics, such 

that:  

”
ÅØÐ

꞊
ὯὝ

4ÒÅØÐ
꞊
ὯὝ

ÅØÐ
Ὁ
ὯὝ

4ÒÅØÐ
Ὁ
ὯὝ

 ςȢφσ 

Importantly, the density matrix thermalizes according to the Hamiltonian eigenbasis. More 

specifically, the entropy of a density matrix is given by the Von Neumann entropy: 

Ὓ 4Ò”ÌÎ” ςȢφτ 

In the case where ”θ Ὁ, the identity matrix, Ὓ is maximized. In accordance with this, the 

hypothesis of random phases states that any ” π at equilibrium in an effort to maximize 

the entropy of the system. We will use the case of NMR as an example. As the Zeeman 

interaction is conventionally orders of magnitude larger than any of the other spin interactions 

for spin-1/2 nuclei in an isotropic liquid, we can assume that only this interaction affects the 

initial density matrix. Only the population difference, or polarization, between different states 

is important, as radiation can only interrogate differences in populations in an ensemble. For 

instance, the thermal polarization of a spin-1/2 nucleus is then: 
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ὖ
ÅØÐ

‎ὄ
ςὯὝ

ÅØÐ
‎ὄ
ςὯὝ

ÅØÐ
‎ὄ
ςὯὝ

ÅØÐ
‎ὄ
ςὯὝ

ÔÁÎÈ
‎ὄ

ςὯὝ
 ςȢφυ 

For the case of a 1H at 1T, ‎ὄ πȢπς ὧά  (a convenient unit for these calculations) 

whereas ὯὝ ςπχ ὧά  at room temperature, so the polarization is on the order of 10-5. 

Naturally, this is a factor of 10 smaller for rare nuclei like 15N, which have a gyromagnetic ratio 

that is ~1/10 that of the 1H. This small spin polarization is the motivation of hyperpolarization 

methods. However, it is clearer why the common hyperpolarization methods that are available 

do not often approach polarization in the òbrute forceó method, as in cooling the system to 

cryogenic temperatures and relying on the Boltzmann polarization given by eq. 2.65. To 

achieve a 1% spin polarization on a 1H by thermal methods, one would need a magnetic field 

of 2.93 kT (the world record is 2.8 kT generated by explosive induction at VNIIEF98) or one 

can cool the sample to 150 mK in a clinical 1.5T magnetic field, but if the goal is to use 

hyperpolarization methods with clinical research, either method lacks biocompatibility.  

In either the hyperpolarized limit or for thermally polarized conditions, the initial 

density matrix can be written for a single spin system in terms of the spin operator Ὅ as: 

”
ρ

ς
Ὁ ÔÁÎÈ

‎ὄ

ςὯὝ
Ὅ ςȢφφ 

For a multi-spin system, one can take the tensor product of the single-spin initial density 

matrix, but realizing that the polarization ὖḺρ, only retain terms linear in the polarization. 

This is known as the high temperature approximation in NMR and is valid under most 

experimental conditions. However, adding a single field gradient to simple pulse sequences 

recovers nonlinear terms (ὍὍ Ễ) and is the basis for intermolecular Multiple Quantum 

Coherences (iMQC)99-103. The thermal density matrix can be written for an N-spin system as: 
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”
ρ

ς
Ὁ ς ÔÁÎÈ

‎ὄ

ςὯὝ
Ὅ ςȢφχ 

However, it is important to note that the Liouville-von Neumann equation is linear in the spin 

density, so the numerical prefactor only contributes a scalar effect. In addition, the term 

proportional to identity will never evolve, so for brevity, we often only consider the reduced 

density matrix: 

” Ὅ ςȢφψ 

 The formalisms of NMR are a convenient method of describing spectroscopy in 

general, and thus the discussion herein will focus on NMR-specific examples. Optical 

examples will be introduced in Chapter 3. Before we may proceed to examine the dynamics 

of a spin system, we must first introduce the experimental geometry. By Lenzõ law, a time-

varying magnetic fields induces a voltage into a nearby coil.  In NMR, our sample generates a 

time-varying magnetization as the transverse components of the nuclear spin relative to the 

leading field evolves under the Zeeman Hamiltonian. This evolution is called precession and 

will be derived explicitly in a moment. However, nuclear spin populations are polarized along 

the external field and have only a small component of the magnetization vector in the 

transverse plane as a result of the statistical noise of a macroscopic system. However, we may 

greatly enhance the observed signal rotating the nuclear spin into the transverse plane and 

measure the evolving bulk magnetization. 

Resonant excitation in any spectroscopy involves the use of an electromagnetic field 

with a carrier frequency that is the same (or nearly the same) energy as the energy difference 

between the ground and excited states. When the field is resonant with the transition, there is  
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efficient power transfer from the field to the system, causing excitation. In magnetic 

resonance, this pulse is at radiofrequencies, applied along an axis in the xy-plane, which causes 

the spin to rotate into the transverse plane and be available for observation via the inductive 

coil. If the field is then pulsed quickly, all transitions within the bandwidth of the pulse will be 

resonantly excited. This is the basis for nearly all pulsed NMR experiments (Fig. 7).  

We will begin with the simplest of multi-level spin systems: two coupled spin-1/2 

particles that have the same resonance frequency. In the conventional NMR (Pople) notation, 

this is an A2 spin system. The letter describes the resonance frequency of the spin and the 

subscript indicates the number of spins in that system at that frequency. More intricate 

examples of Pople notation will be described later. The full Hamiltonian during the pulse, 

which in Fig. 7 is shown with ôxõ-phase, for the A2 system is: 

꞊ ὸ ‫ Ὅ Ὅ ς“ὐ╘Ͻ╘ ‎ὄÃÏÓ‫ ὸ Ὅ Ὅ  ςȢφω 

The quantity ‎ὄ ‫ , which is the nutation frequency and is indicative of the pulse power. 

In the most common case, ‫ ḻὐ , and if we are interested in the evolution for times much 

shorter than 1/ὐ  we can write: 

Figure 7: Detection in an NMR experiment. The oscillating magnetization of the sample induces 
a voltage in a coil proportional to the ὨὓȾὨὸ. A resonant pulse is applied to the system, allowing 
for excitation of the bulk magnetization into the transverse plane of the sample. This 
magnetization oscillates and is detected by a nearby coil through magnetic induction. 
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꞊ ὸ ‫ Ὅ Ὅ ‫ ÃÏÓ‫ ὸ Ὅ Ὅ  ςȢχπ 

This Hamiltonian is time dependent, which complicates interpretation of the dynamics. It is 

convenient to express the Hamiltonian in a frame where it appears to be time-independent, 

called the rotating frame transformation, which is defined by a rotation about the z-axis as: 

‪ὸᴼὩ ‪ὸ ςȢχρ 

If we substitute this into the Schrödinger equation, we get: 

Ὥ
‬

‬ὸ
‪ὸ Ὥ

‬

‬ὸ
Ὡ ‪ὸ ‫ Ὅ‪ὸ Ὡ ꞊ ὸ‪ὸ 

Ὥ
‬

‬ὸ
‪ὸ ‫ Ὅ‪ὸ Ὡ ꞊ ὸὩ ‪ὸ 

Ὥ
‬

‬ὸ
‪ὸ ‫ Ὅ Ὡ ꞊ ὸὩ ‪ὸ 

ςȢχς 

Thus, the rotating frame Hamiltonian is given by: 

꞊ ὸ ‫ Ὅ Ὡ ꞊ ὸὩ  ςȢχσ 

Writing the rotating frame Hamiltonian for just one of the spins: 

꞊ ὸ ‫ Ὅ Ὡ

‫Ὅ

‫
Ὅ Ὅ

ς

Ὡ Ὡ

ς

Ὡ  ςȢχτ 

Here, we have expanded ὍḳὍ Ὅ (for norm-1/2 Ὅ) and used the Euler expansion of 

ÃÏÓὼ. At this juncture, it is important to introduce a particularly useful mathematical tool 

that pertains to cyclically commuting operators, like the spin-1/2 matrices. For any three 

operators that cyclically commute like 

ὢȟὣ Ὥ‭ ὤȟ ςȢχυ 

where ‭  is the Levi-Civita symbol, these operators have the relation 
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Ὡ ὣὩ ὣÃÏÓ‮ ‭ ὤÓÉÎφχȢς ‮ 

The Zeeman term commutes with the rotating frame transformation and thus can be removed 

from the terms rotating the Hamiltonian: 

꞊ ὸ ‫ ‫ Ὅ ‫Ὡ Ὅ Ὅ Ὡ
Ὡ Ὡ

ς
 ςȢχχ 

It can be found that using the commutation relations above that: 

Ὡ ὍὩ ὍὩ Ƞ Ὡ ὍὩ ὍὩ  ςȢχψ 

This permits us to write: 

꞊ ὸ ‫ ‫ Ὅ ‫ ὍὩ ὍὩ
Ὡ Ὡ

ς
 

꞊ ὸ ‫ ‫ Ὅ ‫
Ὅ Ὅ

ς

ὍὩ ὍὩ

ς
 

ςȢχω 

Here, we can make the approximation that for Ḻρ that the counter-rotating terms are 

insignificant and can be ignored, which is called the rotating wave approximation. Thus, the 

Hamiltonian is given by: 

꞊ ɝ‫Ὅ Ὅ
‫

ς
Ὅ Ὅ  ςȢψπ 

The definition ɝ‫ ‫ ‫  is the resonance offset from the pulse carrier frequency. 

Often, the nutation frequency is simply redefined such that the factor of half is absorbed. 

Notably, this removes the time-dependence of the Hamiltonian, which makes evaluation of 

the dynamics significantly easier. Given fully resonant excitation, the Hamiltonian would 

reduce further to: 

꞊ ‫ Ὅ Ὅ  ςȢψρ 
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Now we are ready to perform the propagation of the initial density matrix first under 

the pulse and then under the full Hamiltonian. This can be done by simply substituting the 

initial density matrix (eq. 2.68) and the Hamiltonian of the pulse (eq. 2.81) into the Liouville-

von Neumann equation like: 

”ὸ Ὡ
  

Ὅ Ὅ Ὡ
  

 ςȢψς 

Operators that act on spin 1 will not affect spin 2 unless it is a product operator like Ὅ Ὅ . 

For example, Ὅ  will commute with Ὅ . This allows us to rearrange this into: 

”ὸ Ὡ
 
ὍὩ

 
Ὡ

 
ὍὩ

 
 ςȢψσ 

We may simplify the argument of the exponential by defining a pulse angle ‮ :‫ὸ 

”‮ Ὡ
 
ὍὩ

 
Ὡ

 
ὍὩ

 
 ςȢψσ 

Using the commutation relation: 

”‮ ÃÏÓ‮ Ὅ Ὅ ÓÉÎ‮ Ὅ Ὅ  ςȢψτ 

When ‮ , only the transverse components of the spin remain, thus maximizing the signal 

collected by the coil in placed in the transverse plane of the NMR. This sinusoidal response 

with respect to the pulse flip angle is called nutation and is also referred to Rabi cycling. 

Experimentally, this must be calibrated for a certain pulse power, and is often on the order of 

microseconds for typical powers of what are called ôhardõ pulses. A ôhardõ pulse uses a large 

amplitude, so that the Hamiltonian may be approximated as only evolving under the 

radiofrequency excitation. This implies the existence of ôsoftõ pulses, which are used in the 

work here, although there is no official delineation between these limits. By convention, a 

pulse of ‮ ωπЈ (or “Ⱦς) and x-phase is called a 90x pulse. 
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 In addition to excitation, as described above, it is also of interest to perform inversion 

of the spins. For instance, setting ‮ “ drives the system from the initial condition of Ὅ

Ὅ  to Ὅ Ὅ . In other words, it takes the population from ȿ‌ἃ and interchanges it with 

the ȿ‍ἃ population. As ‮ ‫ὸ, this is often accomplished by simply doubling the pulse 

length. However, note that if the pulse length is again doubled such that ‮ ς“ that the 

system is returned to its initial state, which is a characteristic property of quantum dynamics. 

The ideas that pulses can allow for the interchange of populations will become paramount in 

the following discussions. 

 At the point of eq. 2.84 for ‮ “Ⱦς, we have rotated the nuclear spin to be in the 

transverse plane, and thus the macroscopic magnetization of the sample may be detected by 

inductively coupling it to a nearby coil. It is pertinent to discuss how the NMR signal is 

collected at this point. NMR frequencies are on the order of 1ͯ00 MHz, which is a cycle time 

of 10 ns. Often, the analog NMR signal detected by the coil is first down-sampled and 

amplified using a quadrature lock-in amplifier referenced to ‫ . This signal is then integrated 

over a dwell time (which gives the spectral width) and digitized to give the observed time-

domain signal. Thus, it is essentially as if detection is performed in the rotating frame. Thus, 

we may continue to utilize the rotating frame to describe evolution in the system, as it will be 

indicative of the signal that is measured in an NMR spectrometer. The J-coupling term in the 

Hamiltonian commutes with the Zeeman term in the A2 system, it does not matter in what 

order interaction the system is evolved. Evolution under the Zeeman Hamiltonian gives: 

”ὸ Ὡ Ὅ Ὅ Ὡ  ςȢψυ 

Using the same commutation properties of the operators, this can be again propagated to give: 
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”ὸ ÃÏÓɝ‫ὸὍ Ὅ ÓÉÎɝ‫ὸὍ Ὅ  ςȢψφ 

From here, we note that the J-coupling interaction ╘Ͻ╘ commutes with both Ὅ Ὅ  and 

Ὅ Ὅ  in eq. 2.86, and thus does not appear in the detected signal. However, it does not 

necessarily mean that the coupling does not exist. For instance, the H2 molecule has a J-

coupling between the two 1H but this value cannot be extracted from an NMR spectrum of 

this species. However, the ὐ  coupling is observable as 1H2D is no longer an A2 system but 

an AX system. It is measured to be ὐ τςȢψ Hz, and by eq. 2.44, ὐ  may be 

approximated to first order as ὐ ὐ ςψπ Ὄᾀ.  

 While the approach for analytically solving ”ὸ described above works well in the 

case where all terms in the Hamiltonian commute at all times, it breaks down in the case where 

the Hamiltonian does not commute with itself at all times. This does not necessarily mean that 

꞊ is time-dependent, although that will be a case that we will examine momentarily. The 

simplest of these cases is off resonance excitation with a soft-pulse, where Ḻρ is no longer 

valid. Under these conditions, the rotating frame Hamiltonian for a single spin is 

꞊ ɝ‫Ὅ ‫Ὅ ςȢψχ 

There are a few approaches to solving ”ὸ under this Hamiltonian, which is given exactly as: 

”ὸ ÅØÐὭɝ‫Ὅ ‫ὍὸὍÅØÐὭɝ‫Ὅ ‫Ὅὸ ςȢψψ 

The predicament is that the ɝ‫Ὅ commutes with the initial reduced density matrix Ὅ, but as 

soon as ‫  acts to rotate the initial density matrix away from Ὅ, this term will become active. 

As such, one cannot evolve each component of the Hamiltonian sequentially, as they do not 

commute. For this case, it is often common to undergo a basis set transformation that makes 
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the Hamiltonian appear to rotate about an effective field so to reduce the Hamiltonian to a 

single term. While that approach is useful here, we explore a more general approach that will 

be a key tool to be used in later chapters. We may first perform the series expansion solution 

of the density matrix 

”ὸ
ὸ

ὲȦ

‬

‬ὸ
”ὸȟ ςȢψω 

which is simply the formal definition of the Maclaurin expansion. Each of the higher order 

time derivatives are given by iteratively substituting the Liouville-von Neumann equation into 

itself as: 

‬

‬ὸ
”ὸ Ὥ

‬

‬ὸ
”ὸȟ꞊  ςȢωπ 

We will introduce the notation 

‬

‬ὸ
”ὸ Ὥ

‬

‬ὸ
”ὸȟ꞊  ςȢωρ 

for brevity. Substituting this into the series expansion yields: 

”ὸ ” Ὥ”ȟ꞊ ὸ Ὥ
‬

‬ὸ
”ὸȟ꞊

ὸ

ς
Ễ ” ὸ ςȢωρ 

The notation ” ὸ indicates the ὲ-th term in the series expansion. For the moment, we 

have assumed that ꞊ is time-independent. The sequence of terms from the Hamiltonian that 

must act to generate a desired ”ὸ is then known as the spin operator pathway, coherence 

pathway, or most generally as the Liouville pathway. To exemplify this, we will iteratively 

expand ”ὸ for the case of off-resonant excitation: 
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” Ὅ 

” ὭὍȟɝ‫Ὅ ‫Ὅὸ ὭὍȟɝ‫Ὅ Ὅȟ‫Ὅ ὸ Ὅ‫ὸ 

” Ὥ ‫Ὅȟɝ‫Ὅ ‫Ὅ
ὸ

ς
Ὥ

‫Ὅȟɝ‫Ὅ

‫Ὅȟ‫Ὅ

ὸ

ς
 

” ‫ ɝ‫Ὅ ‫ ‫Ὅ
ὸ

ς
Ὅ
‫ɝ‫ὸ

ς
Ὅ
‫ὸ

ς
 

ςȢως 

Naturally, the solutions are only valid for short times unless a large number of terms are 

calculated. However, this provides analytical insight into the evolution of the system, which 

can permit the development and interpretation of experiments. 

 To this point, we have assumed that the Hamiltonian ꞊ has been time-independent 

for simplicity. When ꞊ ὸ changes with time, calculating ”ὸ is no longer a simple task, as 

the propagator is no longer simply ÅØÐὭ꞊ ὸ and is instead given by the time-ordered 

exponential כᴆÅØÐὭ᷿ Ὠὸ꞊ ὸᴂ . However, if we think about ꞊ ὸ generating a 

trajectory between an initial state ” and a final state ” over some period Ὕ, then we should 

be able to construct a Hamiltonian ꞊  that maps ”ᴼ” in a time-independent fashion (Fig. 

8). This is called Average Hamiltonian Theory2, 91, where the first three terms of the average 

Hamiltonian are given by: 

꞊
ρ

Ὕ
Ὠὸ ꞊ ὸ  

꞊
ρ

ςὭὝ
Ὠὸ Ὠὸ ꞊ ὸȟ꞊ ὸ  

꞊
ρ

φὝ
Ὠὸ Ὠὸ Ὠὸ

꞊ ὸ ȟ꞊ ὸ ȟ꞊ ὸ

꞊ ὸ ȟ꞊ ὸ ȟ꞊ ὸ  
 

ςȢωσ 
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There is an inherent time-ordering of the Hamiltonians such that ὸ ὸ ὸỄ that is 

enforced by כᴆ. The zeroth order average Hamiltonian ꞊  is simply the average of ꞊ ὸ, 

and ꞊  is proportional to the autocorrelation of the Hamiltonian. An ideal case to examine 

is when the pulse is amplitude modulated, such as by a Gaussian function with a pulse width 

„. For the case when ɝ‫Ⱦ‫ Ḻρ, we can simplify the rotating frame Hamiltonian to: 

꞊ ὸ
ὃ

„Ѝς“
ÅØÐ

ὸ

ς„
Ὅ ςȢωτ 

ὃ  is the pulse area in units of rad s-1 and, as this pulse is only amplitude modulated, it 

commutes with itself at all times. Only the ꞊  will be non-zero, as all higher order terms are 

proportional to commutators of ꞊ὸ with itself. This gives: 

꞊
ρ

Ὕ
Ὠὸ 

ὃ

„Ѝς“
ÅØÐ

ὸ

ς„
Ὅ

Ⱦ

Ⱦ

ὃὍ

Ὕ
 ςȢωτ 

Experimentally, the pulse may only be applied to the system for a finite amount of time and 

is thus only an approximation to a Gaussian. The period Ὕ φ„ for this to be a relatively 

robust Gaussian pulse, otherwise truncation of the Gaussian will generate large distortions in 

the response of the system. Here, we see that the dynamics will only be dependent on the 

Figure 8: Average Hamiltonian description of system interactions. When ꞊ ὸ varies with time, 
the trajectory between any point ” and ” can be described by a complex pathway. However, 
there exists an average trajectory between these points given by the average Hamiltonian ꞊. 
Successively higher approximations of ꞊ improve the average trajectory and bring the system 
closer to the final point ”. 
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pulse area, which is equivalently the pulse flip angle. As such, any shape that retains the area 

will have an identical ꞊ . 

 Until this point, we have assumed that evolution in the system was only quantum 

mechanical, which is generally referred to as coherent evolution where the state at a time 

”ὸ † is related to the state at a time ”ὸ by a unitary transformation. Coherent evolution 

can take place both microscopically as well as at the ensemble level. In constructing the 

ensemble averaged density matrix, we ultimately omit any interactions between particles, 

which leads to solutions of the Liouville-von Neumann equation that do not reflect reality. 

Exciting the system into a coherence drives it away from its equilibrium state, and so the 

density matrix must also be allowed to thermalize, or relax, back to its initial state. In magnetic 

resonance, relaxation is induced by the rotational diffusion of each molecule in the ensemble, 

which happens on the femtosecond to picosecond timescale. While these scales are much 

faster than the nanosecond timescale of the Zeeman interaction in most superconducting 

magnetic fields, it is still dominant enough to cause time-dependent fluctuations of spin 

interactions that are orientation-dependent, such as the dipolar coupling and chemical shift 

interaction. As the motion is random, this effect is often referred to as a stochastic interaction. 

This treatment was first introduced by Redfield in 195793. To include relaxation, we may 

expand the Hamiltonian to have a time-independent component, where all the coherent 

dynamics take place, and a time-dependent component which describes the stochastically 

modulated spin interactions: 

꞊ ꞊ ꞊ ὸ   ςȢωυ 

Substituting this Hamiltonian into the Liouville-von Neumann equation gives: 
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‬

‬ὸ
”ὸ Ὥ꞊ ꞊ ὸȟ”ὸ  ςȢωφ 

As is common in these derivations1, 104-106, we shall boost the reference frame to the interaction 

representation, using the stationary component of the Hamiltonian, ꞊ , as the reference. This 

process is mathematically identical to boosting the frame into the rotating frame of the pulse, 

but instead using ꞊  to define the reference-frame. For simplicity of notation, hats will be 

dropped from operators to denote interaction frame. As such, eq. 2.96 becomes: 

‬

‬ὸ
”ὸ Ὥ꞊ ὸȟ”ὸ  ςȢωχ 

This partial differential equation may be formally integrated with a Dyson time order operator 

ᴆ, which enforces ὸכ ὸ, to give the solution 

”ὸ ” Ὥכᴆ Ὠὸ꞊ ὸȟ”ὸ Ȣ ςȢωψ 

Equation 2.98 is then iteratively substituted into the right-hand side of eq. 2.97 to achieve 

successively higher-order perturbative approximations to the solution, which generates the so-

called Dyson series. In the limit where ꞊ ὸ Ḻ ꞊ , which is well within the limit of 

magnetic resonance, the series can be truncated to second order as higher order terms become 

negligible under this limit. The equation of motion is then  

‬

‬ὸ
”ὸ ᴆכ Ὠὸ꞊ ὸȟ꞊ ὸȟ”ὸ  ςȢωω 

where all terms proportional to the initial density are dropped, as a thermalized spin density 

commutes with all relaxation mechanisms (it is a fully relaxed state). Here, ꞊ ὸ is taken to 

be Hermitian. We will additionally assume that the system has no memory of its prior state, 

which makes the process Markovian and permits us to make the substitution ”ὸ ᴼ”ὸ: 
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‬

‬ὸ
”ὸ ᴆכ Ὠὸ꞊ ὸȟ꞊ ὸȟ”ὸ  ςȢρππ 

To make further progress, we must introduce the operator expansion of ꞊ ὸ, which 

is going to be kept as general as possible to begin. This Hamiltonian describes the spin-bath 

interaction via an operator describing the random motional dynamics of the surrounding spins 

Ὂ ὸ, which induce fluctuating local magnetic fields, and the spin-bath coupling operator 

terms ὃ ὸ. The subscript Ὧ indexes over all the stochastically modulated spin interactions. 

As ὃ ὸ are formally quantum mechanical interactions, the operators have well-defined 

forms. Furthermore, ὃ  are eigenfunctions of ꞊  and thus can be written 

ὃ ὸ Ὡ ꞊ ὃὩ꞊ ὃὩ  ςȢρπρ 

Ὂ ὸ is not a conventionally quantum mechanical interaction, and thus does not have a well-

defined operator form. However, it acts at the ensemble-level and thus commutes with ”. The 

Hamiltonian is then: 

꞊ ὸ Ὂ ὸὃ ὸ Ὂ ὸὃὩ  ςȢρπς 

Substituting this equation back into eq. 2.100, using the commutation of Ὂ ὸ, and ensemble 

averaging gives (dropping formal time-dependence of ”): 

‬

‬ὸ
” ᴆכ Ὠὸὃ ὸȟὃ ὸȟ” ὊὸὊ ὸᴂ ςȢρπσ 

Note that only the stochastic components require the ensemble average. We will now assume 

that the ensemble-level dynamics are stationary, i.e. the rate of orientational dynamics is time-

independent and has no drift. Doing so makes the only important time metric the difference 

time between ὸ and ὸ. As such, we make the change of variables ὸ ὸ †, which gives: 
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‬

‬ὸ
” Ὠ†ὃ †ȟὃȟ” Ὂ†Ὂ  ςȢρπτ 

Note that כᴆ is no longer required. We may use the eigenvalue expansion of ὃ to move the 

time dependence out of the double commutator as: 

‬

‬ὸ
„ ὃȟὃȟ” Ὠ† Ὂ†Ὂ Ὡ  ςȢρπυ 

The quantity Ὂ†Ὂ  is the molecular correlation function Ὣ †, which describes the 

tumbling of molecules in solution. If we assume that the molecules in solution tumble 

isotropically with uniform and constant intermolecular forces, we can model the trajectory in 

1D as an Einstein random-walk, giving the functional form of the correlation function as: 

Ὣ ὸ ὩȿȿȾ ‏  ςȢρπφ 

The parameter † is the correlation time of the molecular tumbling and dictates the rate of 

relaxation of molecules. We have also imposed ‏ , meaning that each orientationally-

modulated interaction is self-correlated. For most liquids at room temperature, † is on the 

order of a few picoseconds, and given all coherent spin interactions are at most on the 

nanosecond, we may extend upper limit of integration in equation 2.105 to infinity:  

‬

‬ὸ
” ὃȟὃȟ” Ὠ† Ὣ †Ὡ  ςȢρπχ 

If we neglect the odd-component of the integral, which in NMR is negligible and realize that 

Ὣ † is even, we may extend the lower limit to negative infinity 

‬

‬ὸ
”

ρ

ς
ὃȟὃȟ” Ὠ† Ὣ †Ὡ  ςȢρπψ 
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Note that the factor of ρȾς arises when extending the lower limit of the integral. Now, the 

integral is the single-point Fourier transform of Ὣ †, which is often called the spectral 

density function and is given the notation 

ρ

ς
Ὠ† Ὣ †Ὡ ꞌ ‫  ςȢρπω 

This gives a relatively simple form for what is often referred to as the relaxation dissipator. 

‬

‬ὸ
” ὃȟὃȟ” ꞌ ‫  ςȢρρπ 

This derivation is somewhat limited in the definition of what the equilibrium state is, as this 

dissipator will drive the system to unity, which is only achieved in the infinite-temperature 

limit. For a finite temperature, one often empirically makes the substitution ”ᴼ” ” to 

drive the system toward a realistic thermal equilibrium. The transformation from the 

interaction frame back to the lab frame then gives: 

‬

‬ὸ
” Ὥ꞊ ȟ” ὃȟὃȟ” ” ꞌ ‫ ȟ ςȢρρρ 

where ” is the equilibrium density matrix. This is known as the ômaster equationõ of the 

Redfield relaxation theory93, which is the most widely used theory for relaxation processes in 

magnetic resonance. Interestingly, as ” Ὁ for hyperpolarization experiments, i.e. when ” 

largely deviates from ”, the empirical thermal correction may be dropped. 

 While the Redfield dissipator formally introduces the method by which relaxation is 

included in magnetic resonance, it is important to understand the physical interpretation of 

this equation. The orientational tumbling of molecules in solution has certain frequency 

components dependent on the correlation time of tumbling given by the spectral density 
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function ꞌ ‫ . If these interactions are modulated at a frequency that looks like an NMR 

transition frequency, the system can undergo that transition. The resulting transition rates that 

are allowed by each of the stochastically modulated interactions will then drive the system 

towards the equilibrium state. 

 

 2.3 Hyperpolarization methods and parahydrogen 

At this juncture, it is pertinent to introduce the concepts of hyperpolarization methods, which 

aim to overcome the small thermal polarization in NMR by deriving polarization from an 

external source of spin order. For instance, the electron spin can be thermally polarized to 

nearly 100%, which has a gyromagnetic ratio ~660x of the proton, at temperatures of a few 

Kelvin and modest (3T) magnetic fields. Then, the electron spin will interact with nearby 

protons via the dipolar coupling, however the secular component of dipolar couplings for two 

unlike spins (ὍὛ) cannot transfer polarization. Even though they are small at high field, the 

non-secular terms of the dipolar coupling, such as ὍὛᶸ, which flips spins in opposite 

directions, or ὍὛ , which flips spins in the same direction, are still active. When the electron 

spin is irradiated off-resonance by ɝ‫ ‫ , these transitions become partially allowed 

and polarization flows from the electron to the protons, but only on the timescale of hours. 

This is known as the DNP solid-effect. In fact, it only works because the electron re-

equilibrates with a time-constant of a few microseconds, thus regenerating its unity 

polarization, whereas the relaxation time of spin-1/2 in a solid at these temperatures is far 

longer, on the order of tens of minutes to hours107. For the reasons previously elaborated, we 

aim to overcome the limitations of DNP for a faster and cheaper alternative. 
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 In search of an alternate source of spin order, it is at this point that we examine 

parahydrogen, the singlet spin isomer of dihydrogen. Let us examine the spin wavefunctions 

for a pair of spin-1/2 nuclei (A2 system). In fact, it is easiest done by inspection of the A2 

Hamiltonian, which takes the form: 

꞊

ở

Ở
Ở
Ở
Ở
Ở
Ở
ờ

ײ ȿ‌‌ἃ ȿ‌‍ἃ ȿ‍‌ἃ ȿ‍‍ἃ

ἂ‌‌ȿ
ὐ“

ς
‫ȟ π π π

ἂ‌‍ȿ π
ὐ“

ς
ὐ“ π

ἂ‍‌ȿ π ὐ“
ὐ“

ς
π

ἂ‍‍ȿ π π π
ὐ“

ς
‫ȟỢ

ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
Ỡ

 ςȢρρς 

The states ȿ‌‌ἃ and ȿ‍‍ἃ are disconnected states in this Hamiltonian, as there is no coupling 

element between these states and any other state, and are thus eigenstates. However, this is 

not true for the ȿ‌‍ἃ and ȿ‍‌ἃ states, which are coupled by off-diagonal matrix elements. 

According to the addition of angular momenta for two spin-1/2 particles, the only two 

possible total angular momentum (Ὂ) states are Ὂ ρ (spin-1) and Ὂ π (spin-0). As both 

the ȿ‌‌ἃ and ȿ‍‍ἃ states belong to the Ὂ ρ manifold, linear combinations of the ȿ‌‍ἃ and 

ȿ‍‌ἃ states must produce an Ὂ ρ and an Ὂ π state. The states which do this are the spin-

1 state ȿ‌‍ἃ ȿ‍‌ἃȾЍς and spin-0 state ȿ‌‍ἃ ȿ‍‌ἃȾЍς. The spin-1 states are together 

the triplet states, which are delineated from one another by their magnetic moments, Ὕ

ȿ‌‌ἃ, Ὕ ȿ‌‍ἃ ȿ‍‌ἃȾЍς, and Ὕ ȿ‍‍ἃ, and are invariant to permutation. The spin-

0 state is the singlet state, Ὓ ȿ‌‍ἃ ȿ‍‌ἃȾЍς, and is antisymmetric with respect to 

interchange. We may write the Hamiltonian in this basis as: 
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꞊

ở

Ở
Ở
Ở
Ở
Ở
Ở
ờ

ײ ȿὝἃ ȿὝἃ ȿὝἃ ȿὛἃ

ἂὝȿ
ὐ“

ς
ʖȟ π π π

ἂὝȿ π
ὐ“

ς
π π

ἂὝȿ π π
ὐ“

ς
ʖȟ π

ἂὛȿ π π π
σὐ“

ς Ợ

ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
Ỡ

 ςȢρρσ 

As this basis diagonalizes the Hamiltonian, it is also an eigenbasis. While the triplet states are 

magnetized and produce observables in the NMR experiment, the singlet state is NMR silent. 

The singlet state commutes with the secular dipolar Hamiltonian, ὍὛ ὍὛ ὍὛ Ⱦτ, 

and spin-1/2 pairs that exist in this state are largely immune to relaxation processes, which are 

dominated by the dipolar interactions. 

 In the case where the A2 system is dihydrogen (H2), the Pauli exclusion principle 

requires that the total molecular wavefunction is permutation antisymmetric, as 1H is a 

fermion. The total wavefunction is represented by the product of the wavefunctions of the 

various degrees of freedom, such that the total wavefunction ɰ is given by: 

ɰ ‪ ‪ ‪ ‪ ‪  ςȢρρτ 

The individual degrees of freedom are given by the translational ‪ , electronic ‪ , 

vibrational ‪ , rotational ‪ , and nuclear ‪  wavefunctions. However, the only two 

degrees of freedom of these that will be affected by nuclear permutation are the rotational and 

nuclear wavefunctions, which then must obey the relation 

ὖɰ ὖ‪ ‪ ‪ ‪ ȟ ςȢρρυ 

where ὖ  permutes the nuclei. To satisfy the Pauli exclusion principle, this requires that only 

one of the two degrees of freedom can be in an antisymmetric wavefunction. For instance, if 
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dihydrogen is in the ȿὛἃ state, it must occupy a symmetric (even) rotational state, which is 

called parahydrogen (p-H2). Conversely, if dihydrogen occupies any of the triplet states, it must 

occupy an odd rotational state, which is called orthohydrogen (o-H2). 

 To calculate the equilibrium fraction of parahydrogen, we must first remind ourselves 

of the energy levels of a rigid rotor, which are given for the Jth rotational state as: 

Ὁ ὄὐὐ ρȟ ςȢρρφ 

where ὄ is the equilibrium rotational constant, inversely proportional to the moment of 

inertia of the molecule. Importantly, each rotational energy level is (2J+1)-fold degenerate.  

For hydrogen, ὄ φπȢψ ὧά . This means that the energy separation between the ground  

ὐ π and first excited ὐ ρ state is ɝὉ ςὄ ρςρȢφ ὧά , which is notably far larger 

than the Zeeman splitting of a proton at a conventional NMR field (ɝὉ πȢπς ὧά ) and 

is on the order of ὯὝ ςπχ ὧά . From the Boltzmann distribution, we may calculate the 

population in any rotational state relative to ὐ π, ὔȾὔ , as: 

ὔ

ὔ
ςὐ ρÅØÐ

ὄὐὐ ρ

ὯὝ
 ςȢρρχ 

Using the fractional population in each of the rotational states, we may calculate the 

parahydrogen enrichment (ὼ) as 

ὼ
ὔ

ὔ ὔ

ρ

ὤ
ςὐ ρÅØÐ

ὄὐὐ ρ

ὯὝ
ᶰ

ȟ ςȢρρψ 

where ὤ is the rotational partition function given by: 

ὤ ςὐ ρÅØÐ
ὄὐὐ ρ

ὯὝ
ᶰ

 ςȢρρω 



53 
 

ὤ σ ςὐ ρÅØÐ
ὄὐὐ ρ

ὯὝ
ᶰ

 

Note that there is a factor of 3 scaling the odd rotational states to account for the degeneracy 

of the three triplet states, which are assumed to be approximately degenerate on the scale of 

the rotational energy.  

 Using the equations above, it is simple to calculate the parahydrogen and 

orthohydrogen enrichment as a function of the temperature (Fig. 9). Given the large rotational 

energy of dihydrogen, thermal cooling can be used to enrich the ground rotational state at 

even modest temperatures, like at liquid nitrogen (77K), often flowing the sample over a 

paramagnetic species like iron-(III) -oxide (rust) to relax the spin selection rules and allow for 

more efficient conversion. This setup is inexpensive (~200 USD), easy to use, and produces 

approximately 50% enriched p-H2. More elaborate instrumentation can be used, such as the 

commercial Bruker parahydrogen generator, which operates under the same principles but at 

a temperature of 40K, generating 90% p-H2. 

 The following chapters will examine how hyperpolarization is extracted from this non-

equilibrium spin order. In particular, SABRE utilizes an organometallic iridium complex to 

Figure 9: Enrichment of parahydrogen by cooling. Liquid nitrogen (77K) can be used to generate 
an enrichment of ~50% parahydrogen, whereas the commercial Bruker pH2 generator operates at 
colder temperatures (40K) and is able to generate ~90% parahydrogen. 
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break the symmetry of the A2 spin system of dihydrogen by asymmetrically coupling the two 

1H to (at least) one other spin-1/2 nucleus. Under these conditions, ȿὛἃ is no longer an 

eigenstate of the system, and evolution out of this eigenstate permits hyperpolarization of 

target nuclei. But first, we must examine the theoretical underpinnings of SABRE and unify 

coherent evolution with chemical exchange. 
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Chapter 3: Unifying spin dynamics and 
chemical exchange in SABRE  

A hallmark of quantum dynamics is that the state of the system at any time can be related to 

the state of the system at any other time by a unitary transformation. The dynamics are 

efficiently represented by use of the density matrix, ”, which evolves according to the 

Liouville-von Neumann (LvN) equation: 

‬

‬ὸ
” Ὥ꞊ ὸȟ” σȢρȢρ 

”ὸ ᴆÅØÐὭכ Ὠὸ꞊ ὸ ”ÅØÐὭ Ὠὸ꞊ ὸ  σȢρȢς 

This result presents an interesting problem: the solution suggests that if a coherence is 

established in the system, that it would persist indefinitely. In terms of spectroscopy, this 

would result in signals that exist for all time after initiating the coherence, which intuitively 

makes no sense. The discrepancy lies in that the LvN equation has the same form for both 

single particle (microscopic) and ensemble (macroscopic) systems, as a result of tracing over 

the individual particles in an ensemble to reduce the density matrix to a tenable size. Doing so 

omits any interactions between particles that may be present in the system. In all realistic 

macroscopic systems, the ensemble dynamics induce dissipation of coherences and relax the 

state of the system back to equilibrium conditions. As such, much effort has been spent 

developing theoretical frameworks for thermalization in quantum systems. The prevailing 

theoretical treatment of Redfield relaxation93 was summarized in Chapter 2.2. 
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Another interesting instance of ensemble dynamics is chemical exchange, where 

multiple chemical species in solution that are coupled by molecular or spatial rearrangement. 

Molecular parameters in the Hamiltonian change ss molecules undergo rearrangement. This 

change is reflected in the spectrum, where it appears that transitions change as a function of 

the exchange rate (Fig. 10). Many exchange processes occur on the ‘ίί time scale, which 

is ideal for detection by NMR. Furthermore, exchange can also induce dissipation of 

coherences in the ensemble, making it particularly difficult to model the coherent dynamics of 

such systems in the presence of exchange. 

Describing coherent evolution with chemical exchange was first presented by 

Kaplan108, 109 and Alexander110, 111 as an additional term to the Liouville-von Neumann equation. 

Figure 10: Example spectra with chemical exchange. Chemical exchange initially appears in NMR 
spectra as a broadening of the peaks caused by the interruptions to the coherent evolution 
(purple). However, as the exchange rates increase, the individual resonances become extremely 
broad and subsequently begin to coalesce (blue to green). As the exchange rate becomes larger 
than the individual coherent interactions in the Hamiltonian, the coalesced peaks will narrow in 
the fast exchange limit (orange). Simulation: A3B6X system parameterized with ῳ‫ ψ Ὄᾀ, 
ὐ π Ὄᾀ, ὐ υȢς Ὄᾀ, and ὐ ςρ Ὄᾀ.    
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The form of the exchange interaction was motivated by analysis of the transformations of the 

density matrix required for a two-site exchange. Binsch92 later unified Kaplan and Alexanderõs 

theory for exchange with Redfieldõs theory for relaxation, motivating that exchange was simply 

extension of the relaxation equations derived by Redfield. Binschõs theory could also be 

recovered in the limit where the coupling between the coherent and exchange degrees of 

freedom is assumed to be linear. Due to the maturity of NMR in relation to other 

spectroscopic techniques, and the vast experimental validation of the theoretical predictions, 

Binschõs theory has been widely accepted in the broader field of spectroscopy. The resultant 

expression was of the same form of the exchange terms developed by McConnell112, Kubo113, 

and Sack114 for classical descriptions of magnetic resonance, and the result was simply 

confirmed by the community.  

By motivating that Kaplan and Alexanderõs exchange term from Redfield theory, 

Binsch assumed that the ensemble motion for exchange was the same as that for relaxation. 

The ensemble motion that induces relaxation in magnetic resonance is time-continuous; 

molecular tumbling in solution generates the necessary dynamics to induce thermalization. In 

contrast to this, chemical exchange is discontinuous, as the residence time in any particular 

configuration is different than the time required to perform molecular rearrangement. These 

discrepancies led to the realization that the theory unifying coherent evolution with chemical 

exchange was founded on incorrect or incomplete assumptions of the system and required re-

interrogation. In SABRE, accurately describing the interplay between the spin dynamics and 

chemical exchange will be crucial to understanding next steps towards optimizing the scope 

and performance of hyperpolarization. As such, the fundamental result we derive is directly 

applied to this problem and culminates in the robust model for SABRE that will be used 

throughout the rest of this work.  
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3.1 Quantum Monte Carlo Approach to Chemical Exchange 

We will begin in the limit where the molecular rearrangement time is much faster than all other 

coherent evolution (Fig. 11). In this limit, molecules appear to instantaneously jump between 

configurations. While most dissipative interactions arise from time-continuous perturbations  

to the system, chemical exchange involves discrete jumps between molecular configurations. 

Thus, the most physically rigorous approach for chemical exchange is to undo the ensemble 

averaging of ” and simulate the dynamics of an ensemble of molecules individually and average 

the resulting solutions. This is called a quantum Monte Carlo (QMC) simulation method. For 

the periods between each exchange event, the molecule will evolve according to the LvN 

equation given in eq. 3.1.2. Then, at randomly sampled intervals proportional to the average 

lifetime in that configuration, an exchange event is initiated. To accomplish this, the density 

Figure 11: Time-continuous and time-discontinuous ensemble dynamics. A. The rotation of a 
molecule in solution is a time-continuous process where the trajectory indicates how the 
molecular orientation is changing over time. This mechanism the basis for relaxation in liquid state 
NMR where tumbling happens on a ps-timescale. B. Exchange between two configurations, where 
populations are indicated on each site by ŎƻƭƻǊǎΦ ¢ƘŜ ǘǊŀƧŜŎǘƻǊȅ ƛƴŘƛŎŀǘŜǎ ŘƛǎŎǊŜǘŜ ΨƧǳƳǇǎΩ ōŜǘǿŜŜƴ 
these configurations that are instantaneous, which is an acceptable approximation in NMR as the 
reconfiguration time is assumed to be on the order of a femtoseconds.  
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matrix (for example, ”) must be projected onto the vector space corresponding to a different 

configuration (”). This can arise in one of a few ways (Fig. 12). In the simplest case, if ”  

and ” have the same dimensionality and each of the spins in one configuration directly map 

to a spin in the other configuration (and no other spins are added), then the density matrix 

only requires a basis set transformation to rearrange the order of the spins. This is often called 

a pseudorotation and can be described by a transformation like ” Ὑ”Ὑ, where Ὑ are 

unitary òrotationó matrices that permute the basis set. However, ” can map onto a 

configuration where a subset of the spins Ὠ dissociated from the molecule, in which case 

one must trace over the indices corresponding to each of the dissociated spins (”

4Ò ” ). Similarly, a subset of spins ὥ may associate to the molecule, which can be 

accomplished by taking the tensor product between the associating spins and the density 

matrix (” ”ṧ” ).  

Figure 12: Methods for numerically inducing exchange. A. Exchange that rearranges the 
molecular geometry but does not change the number of spins can be induced by a basis set 
transformation, or otherwise called a pseudorotation. In this case, the density matrix of the 
reduced ”  subsystems are shown for the two configurations. B. Dissociation of a molecule 
essentially projects that system down onto a different density matrix, and association of that 
smaller fragment can be accomplished by taking the tensor product (ṧ) of the subsystems. 
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Often, multiple of these mechanisms can be simultaneously present in systems 

undergoing chemical exchange, as in the case of SABRE. As an illustrative example, we will 

examine a relatively simple case where the hyperpolarization target and parahydrogen 

exchange with the iridium catalyst (Fig. 13). In this case, one can numerically implement  

exchange of the ligand with the QMC sampling and fractionally replenish the parahydrogen 

during each exchange event. This assumes that there are some number of molecules that all 

undergo a ligand exchange event at the same time, but that only some fraction of them undergo 

a parahydrogen exchange. Doing so is possible because the ligand and parahydrogen exchange 

events are coupled. Fractionally replenishing the parahydrogen essentially ògroupsó a subset 

Figure 13: Example QMC simulation of SABRE-SHEATH. For all simulations, the ligand exchange 
rate was Ὧ τπ ί , the parahydrogen association rate was Ὧ ρ ί , and  ὄ πȢυ‘Ὕ. A. 
The QMC solution of a single SABRE molecule (blue) is shown overlaid with the fully quantum 
mechanical solution (gray). The discontinuities observed are when exchange events are sampled, 
which are demarcated by the vertical lines. B. Averaged QMC simulation using ﬞ ρπȟπππ 
molecules. As the SABRE complexes exchange, the evolution loses phase coherence and leads to 
a decay of the oscillatory structure. 
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of molecules that undergo ligand exchange simultaneously, and then only permits a fraction 

of those molecules to undergo parahydrogen exchange. This is only permissible in simulations 

as there are a macroscopic number of SABRE complexes in the solution. In this example, 

when exchange is sampled, the density matrix undergoes the transformation 

”ᴼ ρ
Ὧȟ
Ὧȟ

4Ò ”ṧὉ
Ὧȟ
Ὧȟ
” ṧὉ σȢς 

For simplicity, we will assume an infinite bath of ligand ôὢõ and parahydrogen. When exchange 

is initiated, the polarization on the target 4Ò”ϽὛ  is recorded and used to offset the 

subsequent polarizations. 

While physically rigorous, QMC methods are inherently limited by their slow 

convergence. For a randomly sampled event like exchange that has a time-independent 

probability density function (the exchange rate does not change with time), the QMC-sampled 

variable essentially generates noise in the solution. As such, the solution convergence requires 

averaging over the noise created by the exchange events, which will disappear at a rate of 

ρȾﬞ . The convergence of the QMC simulation performed in Fig. 13 is shown in Fig. 14.  

Figure 14: Convergence of QMC simulation. The QMC solution converges very slowly, requiring 
ﬞ υπȟπππ molecules to achieve a solution convergence of less than 1%. As smaller errors are 
required, an exponentially larger number of iterations are required, making QMC a highly 
expensive computational technique. The dashed lines are shown to highlight the 10% (red), 5% 
(purple), and 1% uncertainty points. {ƛƳǳƭŀǘƛƻƴΥ !!ΩB system (SABRE-SHEATH) at ὄ πȢυ ‘Ὕ, 
ὐ ψ Ὄᾀ, and ὐ ςπ Ὄᾀ. 
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While this convergence is not an issue for the smallest SABRE systems, which only require 

simulation of a few spin-1/2 nuclei, it makes the simulation of larger, more realistic systems 

intractable. For instance, it would require over 300 (computer  years) of simulation time to 

converge a 150 ms simulation of the canonical 15N-pyridine SABRE system, which has 14 

coupled spin-1/2 nuclei. With this realization, it became apparent that a different approach to 

simulating chemical exchange would be required so that realistic SABRE simulations would 

become tractable. 

 

3.2 Exact Dissipative Master Equation for Magnetic Resonance  

While physically robust, QMC models for exchange are rarely used. Instead of performing the 

ensemble average on the solution, it is common practice to perform the averaging on the 

equation of motion itself. To accomplish this, the differential equations are perturbatively 

expanded to provide insight and make progress on actually implementing the interactions. 

This is the motivation behind quantum master equations, which include the ensemble-level 

statistical effects in the dynamics. Of key importance is the Dyson expansion of the 

interaction-frame propagator115, which casts the Hamiltonian in a reference frame that isolates 

the time-dependent interactions. This follows similarly to the derivation performed for 

relaxation in Chapter 2.2. We begin by partitioning the Hamiltonian into a static (꞊ ) 

components, corresponding to the coherent interactions, and dynamic (꞊ ὸ) components, 

corresponding to the exchange interaction: 

‬

‬ὸ
” Ὥ꞊ ꞊ ὸȟ” σȢσ 
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Importantly, chemical exchange is observable in experiments and thus must correspond to a 

Hermitian operator, even though it does not result in unitary dynamics. The interaction frame, 

which isolates the exchange interaction, can be found for an operator ὕ as (without hats): 

ὕὸ Ὡ ꞊ ὕὩ꞊  σȢτ 

We may write equation 3.3 as: 

‬

‬ὸ
” Ὥ꞊ ὸȟ”ὸ  σȢυ 

Integrating equation 3.5 gives: 

”ὸ ” Ὥ Ὠὸ꞊ ὸȟ”ὸ  σȢφ 

Equation 3.6 may be iteratively substituted into equation 3.5 to generate the Dyson series: 

‬

‬ὸ
” Ὥ꞊ ὸȟ” Ὥ Ὠὸ ꞊ ὸȟ” Ὥ Ὠὸ꞊ ὸȟỄ  σȢχ 

Each of these terms amounts to a perturbative correction to the evolving density matrix. We 

can write the first four Dyson terms individually as, collecting terms by their power 

dependence on ꞊ : 

‬

‬ὸ
” Ὥ꞊ ὸȟ”ὸ  σȢψȢρ 

‬

‬ὸ
” ᴆכ Ὠὸ ꞊ ὸȟ꞊ ὸȟ”ὸ  σȢψȢς 

‬

‬ὸ
” Ὥכᴆ Ὠὸ ꞊ ὸȟ꞊ ὸ ȟ꞊ ὸȟ”ὸ  σȢψȢσ 
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‬

‬ὸ
” ᴆכ Ὠὸ ꞊ ὸȟ꞊ ὸ ȟ꞊ ὸ ȟ꞊ ὸȟ”ὸ  σȢψȢτ 

The symbol כᴆ is the Dyson time-ordering operator, which enforces that ὸ ὸ, and the 

integral notation, 

ᴆכ ὨὸỄ ᴆכ Ὠὸ Ὠὸ ὨὸỄȟ σȢω 

is used for legibility.  

To continue, we will introduce a general form of ꞊ ὸ as an expansion between the 

operator ὃ , which is the physical implementation of chemical exchange on the reduced 

density matrix, and a stochastically modulated operator Ὂ ὸ, which describes the time 

evolution of the molecular dynamics for each exchange process (written in the interaction 

frame): 

꞊ ὸ ὃ ὸὊ ὸ σȢρπ 

The index corresponds to each exchange process in the system. To make further progress, the 

equation of motion will be ensemble-averaged. The averaging is restricted to the ensemble 

motion operators Ὂ ὸ, as all other operators act only on the reduced density matrix. At this 

point, we impose that chemical exchange is a stationary process, meaning that the exchange 

rate is time-independent and that the only time metric that matters is the difference ὸ ὸ

†. We may also use this assumption to define Ὂ ὸ π, as there is no drift to the ensemble 

motion, i.e. the system is at equilibrium. This forces all odd-order terms in the Dyson 

expansion to zero and makes the leading order term the second order interaction given in 

equation 3.8.2, which becomes: 



65 
 

‬

‬ὸ
” Ὠ† ὃ †ȟὃȟ” Ὂ†Ὂ  σȢρρ 

Here, we have imposed that the exchange dynamics are Markovian, and thus have no memory 

component. This permits us to write ”ὸ ”ὸ in the PDE, where the formal time-

dependence was dropped for legibility. The correlation function, Ὂ†Ὂ , describes the time 

dependence of exchange. We will impose the assumption that each process is only self-

correlated, permitting the use of ‏ . Furthermore, its magnitude is proportional to the rate 

ρȾ† (where † is the characteristic lifetime in a configuration). Importantly, the time required 

for the molecule to rearrange is significantly faster than the evolution of the coherent degrees 

of freedom in the NMR limit, as well as the lifetime in any one configuration (Fig. 11B), and 

thus the ensemble dynamics can be assumed to be ‏ correlated in time. This allows the limits 

of integration to be extended to Њ, distributing the resulting factor of 1/2 into the operators 

as ὃᴼὃȾЍς for brevity, giving:  

‬

‬ὸ
”

ρ

ς
Ὠ† Ὡ ꞊ ὃὩ꞊ ȟὃȟ”

‏†‏

†
 

‬

‬ὸ
”

ρ

†
ὃȟὃȟ”  

σȢρς 

To make progress, we may introduce the commutation superoperator ὕ ὕȟ. As such, we 

may rewrite the double commutator as: 

‬

‬ὸ
”

ρ

†
ὃὃ”

ρ

†
ὃ” σȢρσ 
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The second equality is permitted as ὃ is Hermitian. Now, the squared superoperator ὃ can 

be identified by inspection as the exchange superoperator ὑ, which returns the traditional 

master equation for chemical exchange: 

‬

‬ὸ
” Ὥ”ȟ꞊

ρ

†
ὑ” σȢρτ 

It is important to note that this equation is derived not as an extension of Redfieldõs relaxation 

theory, as done by Binsch, but under alternate statistical assumptions specific to exchange and 

in the lowest-order of perturbation theory. In the NMR limit, the exchange rate ρȾ† can often 

be on the order of or exceeding dominant couplings and resonance frequency differences. As 

such, it is not a valid assumption that exchange weakly affects the dynamics and thus can only 

be included as the lowest-order interaction in perturbation theory. 

 Corrections to the dynamics can be made by incorporating higher order terms in the 

perturbative Dyson expansion. As shown previously, all odd-order terms disappear under the 

assumption that exchange is a stationary process, the next non-zero term is the fourth-order 

Dyson term:  

‬

‬ὸ
” ᴆכ Ὠὸ Ὠὸ Ὠὸ ὃ ὸȟὃ ὸȟὃ ὸȟὃ ὸȟ”  

ὊὸὊ ὸὊ ὸὊ ὸ  

σȢρυ 

This equation uses the definition of the interaction frame Hamiltonian given in eq. 3.10. We 

can expand the four-point correlation function into factors of two-point correlators by use of 

Isserlisõ theorem: 
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ὊὸὊ ὸὊ ὸὊ ὸ ὊὸὊ ὸ Ὂ ὸὊ ὸ  

ἂὊὸὊ ὸἃὊ ὸὊ ὸ ὊὸὊ ὸ Ὂ ὸὊ ὸ  

σȢρφ 

As previously, the terms within each two-point correlator must correspond to the same 

exchange process to impose quadratic action of any operator ὃ . However, we shall 

additionally assume that any non-zero four-point correlator corresponds to a single exchange 

process (‏ ), or in other words, each exchange process is only self-correlated. This makes 

intuitive sense for two uncoupled exchange processes (Ὂ and Ὂ act independently). 

Furthermore, Ὂ and Ὂ must be distinguishable, not related by a similarity transform. 

However, in the case of coupled exchange processes, this assumption is only valid if we 

redefine the process. If we use the example that Ὂ can only occur if Ὂ has happened, we can 

rewrite Ὂ as Ὂ  (Ὂ occurs with Ὂ) and rewrite Ὂ as Ὂ  (Ὂ occurs without Ὂ). This 

effectively uncouples the processes and permits use of the above assumption. Thinking about 

this from a mathematical point of view, the matrix ꞈ  containing all Ὂ must be diagonalized. 

Under this assumption, all the terms in eq. 3.16 are identical, and in general there will be  

ὲ ρᴅ σ identical terms that arise for the ”  term of the Dyson expansion. 

Furthermore, it will be beneficial to decouple the time-ordered integrals, which is 

accomplished by dividing the expression by the τ ρȦ degenerate time orderings that arise. 

Thus, we can write: 

‬

‬ὸ
” ᴆכ Ὠὸ Ὠὸ Ὠὸ ὃ ὸȟὃ ὸȟὃ ὸȟὃ ὸȟ”  

‬

‬ὸ
” ὊὸὊ ὸὊ ὸὊ ὸ  

σȢρχ 
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‬

‬ὸ
” Ὠὸ ὃ ὸȟὃ ὸȟ Ὠὸ Ὠὸ ὃ ὸȟὃ ὸȟ”  

‬

‬ὸ
”

σ

σȦ

ὸ‏ ὸ

†

ὸ‏ ὸ

†
‏  

Now, we can use the stationary assumption to make the change of variables ὸ ὸ † and 

ὸ ὸ † to further reduce the expression as: 

‬

‬ὸ
”

ρ

τ
Ὠ† ὃ † ȟὃȟ Ὠ† ὃ † ȟὃȟ” †‏ †‏  

‬

‬ὸ
”

σ

σȦ

ρ

†
Ὠ† 

‬

‬ὸ
” ὃȟὃȟὃȟὃȟ”

Ὕ

ς†
 

σȢρψ 

Note that we raised the limits of the integrals that act on the commutators to Њ and change 

the upper integration limit in the final integral to Ὕ. Importantly, the factor of ¼ that results 

from extending the lower limits to infinity is again distributed into each ὃ for similarity to eq. 

3.12. However, the remaining factor of ½ that is in eq. 3.18 results from accounting for 

degenerate time-orderings. Transforming eq. 3.18 into superoperator form yields: 

‬

‬ὸ
” ὃ

Ὕ

ς†
 σȢρω 

The numerical coefficient of this term describes the rate of two exchange processes happening 

during the period Ὕ. Using all the assumptions established here, it is possible to completely re-

index the Dyson expansion for chemical exchange as: 
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‬

‬ὸ
”

ρ

†
ὃ

ρ

ὲȦ

Ὕ

ς†
” σȢςπ 

Typically, the largest inhibitor to higher-order perturbation theory is the calculation of the 

powers of the exchange superoperator, ὃ , particularly as these must be done 

numerically and are highly computationally expensive. However, the exchange superoperator 

projects the density matrix onto the same vector space (after removing and adding a ligand) 

and performing multiple exchange events returns the same density matrix as performing a 

single exchange event (ὖ ὖ). This holds when the exchange superoperator is written as a 

linear combination of exchange pathways, such as when there are multiple indistinguishable 

binding sites as in the case of SABRE. As such, there is a well-defined relation between all 

higher order exchange superoperators and the linear exchange superoperator, which is: 

ὃ ” ὃ ὑ” ‗ὑ”ȟ σȢςρ 

where the first equality is given by the definition of the exchange superoperator and higher 

operator superoperators return a term proportional to ὑ. In fact, the second equality suggests 

that the higher order superoperators ὃ  are eigenfunctions of ὑ”. For trace-unity 

exchange superoperators, we find that ‗ ρ, which permits us to write the relation: 

ὃ ρ ὃ ρ ὑ ρ ὑ σȢςς 

Using this in eq. 3.20 gives: 

‬

‬ὸ
”

ρ

†
ὑ”

ρ

ὲȦ

Ὕ

ς†
 σȢςσ 
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The ὲ-summation is then the Maclaurin expansion of the exponential, which permits us to 

write the closed form solution of the infinite-order exchange interaction as: 

‬

‬ὸ
” Ὥ”ȟ꞊

ὑ”

†
ÅØÐ

Ὕ

ς†
 σȢςτ 

 The only difference between the traditional equation of motion for chemical exchange (eq. 

3.14) and the exact equation of motion given by eq. 3.24 is the scalar exponential factor that 

relates the action of all higher-order exchange events to the lowest order term at no additional 

computational cost. We will refer to this as the exchange generating function. Importantly, as 

the integration period ὝᴼὨὸ, the traditional equation of motion is recovered, which is to be 

expected as only the lowest-order terms would be present over short times. Even though this 

result is derived through time-dependent perturbation theory, the closed form solution is not 

a perturbative result but is the exact result obtained by using a series solution to contract the 

higher order interactions, which we call the exact Dissipative Master Equation (DMEx)116. A 

summary of the nomenclature used for exchange master equations and what each equation 

includes is shown in Table 1. 

Table 1: Nomenclature and summary of exchange master equations. The model, exchange 
dissipator, and method of derivation are summarized for each of the master equations discussed 
in this section. 

Model Dissipator Derivation method 

Traditional 
ρ

†
ὑ” Analysis of transformation 

required for exchange 

DMEx 
ρ

†
ὑ”ÅØÐ

Ὕ

ς†
 Closed form solution of 

Dyson series expansion 

DMExFR2 
ρ

†
ὑ”ÅØÐ

Ὕ

ς†
 SABRE-specific DMEx 

model for exchange 
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3.3 Error analysis of the DMEx and simulating the SABRE system 

The master equation treatment of chemical exchange fundamentally differs from the QMC 

model in that it assumes that exchange provides a continuous perturbation to the system at 

the level of the ensemble. However, it also differs from the treatments performed by Kaplan108, 

109, Alexander110, 111, and Binsch92 as it considers both the lifetime of any one species but also 

incorporates the instantaneous jump between exchange sites. In limits where the exchange 

rate is on the order of the coupling, as it is in SABRE, the QMC model permits larger 

excursions from the average density matrix than is encapsulated in a master equation 

treatment. To assess the accuracy of this assumption, we can calculate the error in the DMEx 

simulation relative to the QMC. While the DMEx is an exact equation of motion, it can rarely 

be analytically integrated. Instead, the DMEx can be numerically solved with the first-order 

solution: 

”Ὕ Ὡ ꞊ ”Ὡ꞊ Ὕ
ὑὩ ꞊ ”Ὡ꞊

†
ÅØÐ

Ὕ

ς†
 σȢςυ 

This can be found by using the first-order Taylor expansion of eq. 3.24 and replacing the 

coherent term Ὥ”ȟ꞊ Ὕ with the exact solution. Assessing this intrinsic error requires highly 

converged QMC solutions, where the convergence is significantly less than the error in the 

master equation, which can be accomplished using Ὕ ρππ ‘ί. The DMEx model 

accumulates a statistically significant error when compared to the QMC solution (Fig. 15), 

where the black line indicates the convergence error of the QMC solutions („ ) used as the 

reference simulations. However, the error is only „ὈὓὉὼ ʎὗὓὅ πȢρτςπȢπρψϷ 

larger than the convergence error of the QMC model. The time required to generate the QMC 

solution is significantly longer than the time required to integrate the DMEx solution. Thus, 
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the assumption that exchange provides a continuous perturbation to the system only generates 

a negligibly small error in the solution. 

The primary application of exchange simulations in this work is as a model for SABRE 

hyperpolarization dynamics, which was work was done in collaboration with Shannon 

Eriksson, another graduate student in the Warren lab. As such, much effort went toward 

constructing a rigorous model that could encapsulate all pertinent interactions that affect 

hyperpolarization. This is referred to as the DMExFR2 model, which includes free-ligand 

effects (F), rebinding (R), and relaxation (R). In general, we describe the SABRE system as a 

combination of ensembles corresponding to each type of species in the system (Fig. 16). By 

convention, we express the concentrations of each of the ensembles relative to the 

concentration of the activated iridium complex. The association of a target ligand ὒ from the 

free-ligand ensemble ” onto the iridium catalyst first requires the dissociation of the target. 

For this pathway, the exchange superoperator can be written as: 

Figure 15: Performance of the DMEx model relative to the QMC. The error in the DMEx („ , 
blue) is shown relative to the convergence error of the QMC solutions used as a ground truth 
(black). This indicates a small, but significant, error in the DMEx model relative to the QMC. On 

average, the error is  „ „ πȢρτςπȢπρψϷ. For all simulations, a step size of  
Ὕ ρππ ‘ί was used on a minimal SABRE system. 
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ὑ ”ȟ” 4Ò ” ṧ” σȢςφ 

4Ò ”  is the partial trace over the ligand basis states, returning a density matrix containing 

only those nuclei still bound to the complex. This conjugate superoperator that adds the 

dissociating target into the free-target ensemble is given by: 

ὑ ”ȟ”
ὄ

ὒ
4Ò ”  σȢςχ 

The factor ὄȾὒ scales the bound ensemble to ligand ensemble, and 4Ò ”  traces 

over the basis states not corresponding to the dissociating ligand. In conjunction with ligand 

exchange is the exchange of parahydrogen from the hydrogen ensemble ” , which happens 

only after a ligand has dissociated from the complex. The exchange superoperator for this 

pathway is: 

ὑ ”ȟ”ȟ”
ρ

ς
” ṧ4Ò ” ṧ” ” ṧ”ṧ4Ò ”  σȢςψ 

By convention, the parahydrogen-derived hydrides are always the first two spins of the bound 

ensemble. For the case with only one ligand that is bound trans-to a hydride, then only one 

term in eq. 3.27 is present. The conjugate exchange superoperator is: 

Figure 16: Exchange pathways in SABRE. Hydrogen (H2) and ligand (L) can reversibly exchange 
with the iridium catalyst. While there is always a fixed concentration of ligand in the system, the 
hydrogen is either present at a fixed concentration or is continually replenished. The reversible 
binding of a molecule that previously interacted with the catalyst is a critical effect limiting the 
production of hyperpolarization. Each of these species is thought of as a separate ensemble in the 
system and each can be present in different concentrations. 



74 
 

ὑ ”ȟ”
ὄ

Ὄ
4Ò ”  σȢςω 

In the case where parahydrogen is continually replenished by bubbling during the experiment, 

we can assume that ὄ Ḻ Ὄ , which effectively means each parahydrogen that associates 

with the bound ensemble is a parahydrogen that has not yet bound to an iridium catalyst. 

When setting the initial state of ”  to be the parahydrogen singlet, this effectively prevents 

depletion of the ”  by exchange. However, this is not a necessary assumption, and analogous 

exchange superoperators may be derived as above for the case where parahydrogen can 

reversibly bind from a fixed reservoir. Specific chemical systems may be constructed using 

combinations of these superoperators and can even include multiple ensembles corresponding 

to different ligand types. 

 In addition to exchange, spin relaxation must be included as hyperpolarization is a 

non-equilibrium state of the system. In the DMExFR2 model, spin relaxation is treated as a 

boundary value problem where the system is driven towards equilibrium at rate that is either 

empirically derived or derived from theory. There are two dominant thermalization processes 

that must be included, which are dephasing (loss of phase coherence), with a rate ρȾὝ, and 

decoherence (loss of population coherence), with a rate ρȾὝ. Dephasing and decoherence 

may be included in the dynamics by phenomenologically adding the terms 

‬

‬ὸ
”

”‏ ”

Ὕȟ

” ȟ ”

Ὕȟ
 σȢσπ 

to the differential equation. The summation here indexes over the different nuclei. The first 

term eliminates coherences from the system and the second term drives the system back to its 

equilibrium conditions. Note that these processes are not related to inhomogeneous 

broadening of peaks, which is caused by non-uniform magnetic fields. 
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 With all the relevant effects included in the DMExFR2 model, it is possible to assess 

the performance of the exact master equation relative to the traditional master equation for 

exchange (Fig. 17). While the solutions converge as the simulation step size ὝᴼὨὸ, as is 

expected from eq. 3.23, the DMEx model exhibits a faster solution convergence than the 

traditional equation of motion by approximately a factor of four. Again, it is pertinent to note 

that this is achieved at no additional computational cost over the traditional implementation. 

In addition to the superior convergence of the DMEx, it is important for the solution to self-

Figure 17: Performance of the SABRE-specific DMExFR2 model. A. The solution convergence of 
the traditional (black) and DMEx (red) model for Ὧ ςπ ί  as a function of simulation step size 
(Ὕ). The gray line indicates the error threshold of πȢυ Ϸ, where the DMEx model does not exceed 
this threshold even for Ὕ υ άί, which corresponds to Ὕ ρȾρπὯ. B. Self-consistency of the 
DMExFR2 model (red) relative to the traditional implementation (black) and DMEx model (blue) 
for SABRE without all critical effects. All simulations use Ὕ ρ άί. The self-consistency 
parameter, „, is the error in the exchange rate predicted by the simulation, using a Ὕ ρπ ‘ί 
simulation as a reference. 
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consistently predict known exchange rates, as these models are often used in combination with 

experiment. Here, we have assessed the self-consistency of the DMExFR2 model by 

introducing the parameter „, which is the relative error in the exchange rate predicted by the 

model (Fig. 17B). The DMEx models both exhibit superior self-consistency of the solution 

over the traditional model, which at Ὕ ρ άί has no regime in which the solution is stable. 

Surprisingly, the solution self-consistency is improved when including all relevant SABRE 

interactions. Relative to the traditional implementation, the DMEx model exhibits superior 

performance in both convergence and accuracy. 

 Given the superior computational performance of the DMExFR2, we can now 

determine the importance of using a rigorous model for the SABRE system (Fig. 18). We will 

first examine the case of coherently pumped SABRE-SHEATH on a (15N-13C)-acetonitrile 

ligand. Even with a spin system containing only has 5 spin-1/2 nuclei on the target, the 

coherent dynamics are highly structured, providing an ideal test case for examining the 

requisite level of theory required to model a SABRE system. In addition to the standard set of 

exchange pathways included in the generic DMExFR2, one must additionally account for the 

fact that a hyperpolarization-inactive coligand is used to enhance exchange. This occupies one 

of the iridium binding sites and thus, there are two isomers of the SABRE-active complex. 

Therefore, one must account for ligand exchange onto both of these conformations as well as 

isomerization between the conformations. When fit with a DMExFR2 simulation with every 

interaction explicitly included, the experimental coherent hyperpolarization dynamics of this 

system are well reproduced. Furthermore, the extracted exchange rates of the system are self-

consistent between experiments at different magnetic fields (Fig. 18C). Importantly, simply 

removing one of these interactions, such as the coligand exchange pathways, breaks the self-

consistency between these data sets. As such, we see that it is critical to include all relevant 
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exchange pathways for the system when attempting to extract meaningful information from 

experimental data. 

Figure 18: Coherently pumped SABRE-SHEATH of (15N,13C)-acetonitrile. A. Acetonitrile is 
hyperpolarized by SABRE in the presence of a pyridine coligand (C), and hyperpolarization is 
monitored either on 15N or 13C. B. Coherently-driven X-SABRE hyperpolarization is accomplished 
by interleaving periods where the magnetic field is resonant with the X-SABRE transition with 
periods where it is not resonance (ὄ ḻὄ ) to permit exchange. This pulse sequence is 
repeated for 60s to permit accumulation of hyperpolarization. C. Experimental (dots) coherent 
15N-SABRE hyperpolarization of (15N,13C)-acetonitrile fit with the DMExFR2 simulation (line). At 
ὄ ρȢφυ ‘Ὕ, Ὧ ρτȢυ ρȢψί  and Ὧ φȢπππȢχυί . At ὄ πȢωρ ‘Ὕ, Ὧ
ρυȢπ σȢσί  and Ὧ τȢυ πȢωψί . Importantly, the fits produce self-consistent results 

between the two data sets, as would be expected. Removing even one of the interactions, such 
as the coligand exchange pathways, breaks this self-consistency and the simulation accrues an 
error of up to 92% with respect to the full DMExFR2 simulation. 
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 An equally important application of the applications in addition to fitting experimental 

data is predicting and optimizing the performance of hyperpolarization techniques in silico. At 

short times, on the order of the complex, the coherent dynamics are relatively emphasized. 

Under these conditions, it is interesting to examine the performance of truncating the model 

of the canonical X-SABRE system, 15N-pyridine (Fig. 19). Due to the large number of 1H 

nuclei on each ligand, it has been assumed that truncating all or most of these 1H117 would be 

representative of the explicit system. For the first time, the DMExFR2 has the computational 

efficiency to simulate the full 14-spin iridium-bound system along with the 6-spin free ligand. 

For brevity, we refer to SABRE systems often with the notation ὖ ὗὙ, where ὖ are the 

number of spin-1/2 nuclei on the iridium complex and ὗ are the number of spin-1/2 nuclei 

in the free ligand. Ὑ ὢȟὣ and indicates the binding geometry with one trans-hydride target 

Figure 19: Truncation errors on the order of the average complex lifetime. A. In the 15N-pyridine 
SABRE system, which has been used to benchmark nearly all of X-SABRE performance, the large 
number of 1H nuclei on the ligand are often omitted from the theoretical model. The largest 
approximation in literature utilizes a single 1H, whereas there are five 1H J-coupled to the 15N, 
indicated by the red markers on the molecular structure. B. The hyperpolarization dynamics at 
times on the order of the complex vary drastically between the explicit model, which is a (14+6)X 
system, and the approximate (6+2)X model. Even increasing the step size to ῳὸ υ άί in the 
DMExFR2 will still reproduce the actual dynamics. C. Fitting the (6+2)X solution to the (14+6)X 
solution reveals significant artifacts introduced by truncating the spin system, meaning that in 
silico optimization cannot be judged with any confidence without the full system. 
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(ὣ) or two trans-hydride targets (ὢ) As such, the full pyridine system is a (14+6)X spin system, 

where the largest approximate system reported in literature utilizes only one 1H and is a (6+2)X 

truncated model. We see that such an approximation dramatically alters the coherent dynamics 

of the SABRE system, whereas even using a step size that is ɝὸ ρȾτὯ  in the DMExFR2, 

where Ὧ  is the ligands exchange rate, reproduces the actual hyperpolarization dynamics well. 

This highlights that the superior computational performance of the DMEx models can be 

used to offset the additional time required to model the full system, as doing so is the only 

way in which reliable simulation results may be obtained. 

 It is also illustrative to examine the performance of a series of truncated models to 

predict the hyperpolarization dynamics in SABRE. Here, we will use a SABRE system with a 

single 15N-pyridine, reflective of a partially 15N-labelled pyridine sample, and compare solutions 

where 1H are systematically truncated off the ligand. Furthermore, we will examine both the 

actual hyperpolarized signal predicted by each model as well as the deviation in the predicted 

dynamics, accessible by scaling the truncated model to the actual result. In the case of SABRE-

SHEATH, the Hamiltonian of the system is simply: 

꞊ ‎ὄὍ ς“ ὐὍϽὍ σȢσρ 

Note that all of the spins in this case are strongly coupled. The only regime when the truncated 

model predicts a hyperpolarization that is well representative of the actual system is with the 

(7+5)Y truncation, which still exhibits a „ ρυȢψϷ deviation from the (8+6)Y system (Fig. 

20). This system exhibits hyperpolarization dynamics that deviate from the realistic system, 

despite there only being a single 1H not included in the model that is not even directly J-

coupled to the 15N. For every additional truncation of the system, the hyperpolarization 
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dynamics deteriorate and the predicted hyperpolarized signal deviates from the values 

predicted from the actual system. By the point where only the 15N is included in the (3+1)Y, 

the magnitude and structure of the hyperpolarization dynamics differ significantly from the 

actual system. However, the (3+1)Y truncation highlights an interesting aspect of these 

simulations, as there are no ancillary 1H in this system and the free-species is represented by a 

single spin-1/2 nucleus. In comparison to the other truncated models, the additional structure 

of the hyperpolarization dynamics that persists for times much longer than the average lifetime 

of the ligand on the complex actually arises from the coherent dynamics of the free ligand. 

This highlights the critical nature of including all relevant effects when modeling the SABRE 

system, as next-generation SABRE experiments should be optimized understanding that the 

evolution of the free species will significantly affect the resultant performance. 

Figure 20: Truncation errors in coherently-driven SABRE-SHEATH experiments. A. Series of 
truncated 15N-pyridine models as well as the exact (8+6)Y model. B. Comparison of the 
hyperpolarization generated in a coherently-driven SABRE-{I9!¢I ǾŀǊȅƛƴƎ ǘƘŜ [!/ ΨhbΩ ǘƛƳŜ ὸ. 

The solid lines in color are the simulation output, and the dashed lines are the result of fitting the 
amplitude of the truncated model to the (8+6)Y model. † ρσ άί for these simulations. 
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 While all ancillary nuclei are strongly coupled in the SABRE-SHEATH limit, 

examining the case of LIGHT-SABRE provides an interesting comparison to this limit (Fig. 

21). As the LIGHT-SABRE experiment is performed at high magnetic field, only the secular 

components of the heteronuclear J-couplings survive. As such, the Hamiltonian is given by: 

꞊ ɝ‫ Ὓ ‫ȟὛ ‫Ὅ ς“ ὐὍϽὍ ς“ ὐὍὛ σȢσς 

In this case, all homonuclear couplings are strongly coupled and the 1H spins are rotated at 

the frequency of the parahydrogen-derived hydrides. Thus, the first sum only indexes over the 

ancillary 1H nuclei. Where the SABRE-SHEATH truncated models immediately deteriorate in 

performance from the explicit (8+6)Y spin system, the LIGHT-SABRE case is more robust 

to truncation of the ancillary nuclei. In fact, even the (5+3)Y truncated model predicts the 

hyperpolarization dynamics of the realistic system with only minor deviation. In this case, 

when the ancillary nuclei are weakly coupled to the target 15N nucleus thus forbidding direct 

flow of polarization to these nuclei, the impact of truncation is much less than in the case 

Figure 21: Truncation errors in coherently-driven LIGHT-SABRE experiments. A. Series of 
truncated 15N-pyridine models as well as the exact (8+6)Y model. B. Comparison of the 
hyperpolarization generated in a coherently-driven LIGHT-{!.w9 ǾŀǊȅƛƴƎ ǘƘŜ [!/ ΨhbΩ ǘƛƳŜ ὸ. 

The solid lines in color are the simulation output, and the dashed lines are the result of fitting the 
amplitude of the truncated model to the (8+6)Y model. † ρσ άί for these simulations. 
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where the non-secular J-coupling terms can directly convert 15N polarization into spin order 

on the ancillary 1H. 

 

3.4 Conclusions 

The final result that Binsch92 derived unifying quantum evolution and chemical exchange was 

correct to lowest order for magnetic resonance, despite having arrived at the result under 

assumptions that were not reflective of the underlying physics. However, correcting the 

statistical assumptions upon which the model is built provides access to higher-order exchange 

interactions that, under many conditions, may be rearranged to give a scalar correction factor 

to the equation of motion. This has led to the development of an exact master equation 

treatment for chemical exchange in the superoperator formalisms, called the DMEx116. In 

doing so, a robust and exhaustive theoretical model for SABRE can be constructed to guide 

the development and optimization of this technique called the DMExFR2. We will utilize the 

theoretical framework for SABRE developed in this chapter as the fundamental basis for the 

development and optimization of novel experimental techniques. 
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Chapter 4: Expanding the scope of 
heteronuclear SABRE at high field 

Extended SABRE (X-SABRE) experiments target the hyperpolarization of spin-1/2 

heteronuclei like 13C43, 46, 118, 15N44, 47, 49, 51, 52, 87, 119-126, and 19F84, 127. These experiments belong to 

one of two modalities: hyperpolarization at arbitrarily high magnetic fields and 

hyperpolarization at ultralow magnetic fields. Despite the original demonstration of X-SABRE 

being at high magnetic field, shown in the LIGHT-SABRE52 and RF-SABRE128 experiments, 

the ultralow-field variant SABRE-SHEATH51, 87, 123 has become the preeminent X-SABRE 

hyperpolarization method. This can be attributed to the fact that SABRE-SHEATH routinely 

generates the largest observed hyperpolarization of the X-SABRE methods and that the 

ultralow-field matching condition is nearly completely invariant to changes in molecular 

structure and target heteronucleus. Furthermore, SABRE-SHEATH generates 

hyperpolarization in both single and multiple ligand environments, whereas LIGHT-SABRE 

and its variants generate hyperpolarization in systems with a single ligand, which constitute the 

vast minority of SABRE systems. Unlike SABRE-SHEATH, direct hyperpolarization at the 

detection field does not require specialized equipment outside of the basic NMR setup and 

parahydrogen supply, and can be used immediately in conjunction with conventional NMR 

experiments. Furthermore, high-field methods naturally permit hyperpolarization in the 

presence of quadrupolar (spin ρȾς) nuclei, which act to quench hyperpolarization through 

the rapid relaxation mechanisms at ultralow magnetic fields46. 
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Herein, we will discuss efforts to optimize the hyperpolarization of high-field X-

SABRE methods and expand the target scope of these experiments. Importantly, the total 

hyperpolarization achieved by SABRE-SHEATH is unlikely to be rivaled by high-field 

techniques. This is because SABRE-SHEATH has the advantage of exposing the entire sample 

to a homogeneous magnetic field that can be easily varied in any direction, permitting greater 

flexibility and finer control of the experiment. As highlighted in Table 1, an enormous body 

of work has been previously developed in the community to pursue high field X-SABRE. In 

this work, we expand on and improve high-field X-SABRE variants with the DARTH-

SABRE89, 1H-decoupled LIGHT-SABRE129, and broadband X-SABRE130 experiments, which 

were developed to circumvent the limitations of the previous experiments and put high-field 

and ultralow-field X-SABRE on a similar experimental footing. This progression of 

experiments provide an avenue to explore X-SABRE hyperpolarization at arbitrarily high 

Table 2: Development of high-field X-SABRE experiments. Relative to SABRE-SHEATH, the 
original LIGHT-SABRE and RF-SABRE experiments have considerable experimental restrictions that 
limit scope and performance of the technique. Many experiments were developed by the 
community to augment the original experiments and expand the scope of high field X-SABRE. The 
DARTH-SABRE, 1H dLIGHT-SABRE (d = decoupled), and broadband X-SABRE experiments 
(highlighted) were all developed in this work to match the experimental scope of the coherent 
SHEATH experiment. 
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magnetic fields with the same flexibility as SABRE-SHEAH. All of the following results are 

rigorously grounded in the DMExFR2 theoretical framework discussed in Chapter 3 and were 

the used to inform optimization. 

 

4.1 Optimizing the LIGHT-SABRE experiment 

The LIGHT-SABRE52 experiment was the first X-SABRE demonstration in which weak 

radiofrequency irradiation was used to convert the parahydrogen singlet order into observable 

magnetization on a 15N-nucleus. This experiment was motivated in the case where the ligand 

and parahydrogen bind the iridium complex to form an AAõXX spin system, although we will 

discuss a slightly simpler AAõX system for brevity. Here, we will cast the Hamiltonian in the 

rotating frame of the pulse and have chosen a rotating frame for the Ὅ-spins such that the 

Zeeman terms for the hydrides disappear (ɝ‫ π). Then, the Hamiltonian while being 

irradiated by a radiofrequency pulse on the 15N-channel is: 

꞊ ɝ‫ Ὓ ‫ȟὛ ς“ὐ ὍϽὍ ὐ ὍὛ  τȢρ 

If written in a singlet-triplet basis for the hydrides and the Zeeman basis on the heteronucleus 

for ɝ‫ π, the pertinent subspace of this Hamiltonian is: 
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Under this condition, it is more convenient to recast the basis in terms of magnetization 

quantized along the radiofrequency field direction by defining the states: 

ȿὢἃ
ȿ‌ἃ ȿ‍ἃ

Ѝς
Ƞ ȿὢἃ

ȿ‌ἃ ȿ‍ἃ

Ѝς
 τȢσ 

This basis set diagonalizes the Ὓ operator and gives the hyperpolarization-active subspace: 
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The matching condition for this subspace is given by: 

‫ȟ ς“ὐ  τȢυ 

Hyperpolarization may be generated if, for instance, we can excite the transition from the 

ȿὛὢ ἃO ȿὝὢἃ states while suppressing the ȿὛὢ ἃO ȿὝὢἃ transition. Conveniently, 

one of these transitions is automatically selected for depending on the phase of the pulse, such 

that a pulse with phase ὼ and with phase ὼӶ generate oppositely-signed magnetization. For 

instance, the ȿὛὢ ἃO ȿὝὢἃ transition is optimally excited when ‫ȟ ς“ὐ , giving: 

ἂὛὢ ȿ꞊ ȿὛὢἃ ἂὝὢ ȿ꞊ ȿὝὢἃ τȢφ 

For this same condition, the energy separation between the ȿὛὢἃ and ȿὝὢἃ states is  

ɝ ς“ὐ ‫ȟ. To gain an understanding of the relative excitation of these subspaces, it 

is beneficial to examine the quantum dynamics of an arbitrary two-level system, which may be 

solved exactly, as 
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”ὸ ÅØÐὭ
π ὠ
ὠ ɝ

ὸẗ
ρ π
π π

ẗÅØÐὭ
π ὠ
ὠ ɝ

ὸ τȢχ 

Equation 4.7 may be solved by hand or with the aid of a numerical programming language, 

such as Mathematica. From the solution of this equation, we find that the maximum 

population transfer allowed between the states of a two level system, which we will call ɧ, is 

given by the magnitude of the on-diagonal terms in ”ὸ and is: 

ɧ
τὠ

τὠ ɝ
 τȢψ 

For ɝ π, population can be fully inverted between the two states. If we call the subspace 

containing the ȿὛὢ ἃO ȿὝὢἃ transition subspace 1, ɧ ρ when ‫ȟ ς“ὐ . 

However, the other subspace, which we will call subspace 2, is simultaneously excited by the 

pulse at a diminished magnitude of (ὐ ςυȢτȠὐ ωȢςȠ‫ȟ ὐ ): 

ɧ
ὐ “

ὐ “ ς“ὐ ‫ȟ
πȢχς τȢω 

The maximum ὢ-polarization that may be achieved is then given by: 

ὖ ὖ ɧ ɧ ὖ ρ
ὐ “

ὐ “ ς“ὐ ‫ȟ
 τȢρπ 

ὖ is the initial parahydrogen fraction. This resultant magnetization could then be stored using 

ώ-pulses that are selective for the iridium-bound species and are interleaved in the sequence. 

Experimentally, this approach had been shown to generate signal enhancements on the order 

of ‐ ρυπ for 15N-pyridine52. 

Exchange is occurring continuously throughout the experiment and any ligands to 

exchange off the bound species before the selective ώ-pulse is applied are unobserved. As only 
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the Ὓ spin order is detected at the end of the experiment, it is more beneficial to directly 

generate z-magnetization, such that the hyperpolarization is stored along ᾀǶ when exchange 

occurs. Directly generating Ὓ spin order essentially increases the efficiency of detecting the 

hyperpolarization that is generated during the sequence but does not necessarily affect the net 

magnetization that is generated. This can be accessed for off-resonant excitation and the 

Hamiltonian then becomes: 

꞊

ở

Ở
Ở
Ở
Ở
Ở
Ở
ờ

 ȿὝ‌ἃ ȿὝ‍ἃ ȿὛ‌ἃ ȿὛ‍ἃ

ἂὝ‌ȿ ς“ὐ
‫ȟ
ς

“ὐ

ς
π

ἂὝ‍ȿ
‫ȟ
ς

ɝ‫ ς“ὐ π
“ὐ

ς

ἂὛ‌ȿ
“ὐ

ς
π π

‫ȟ
ς

ἂὛ‍ȿ π
“ὐ

ς

‫ȟ
ς

ɝ‫ Ợ

ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
Ỡ

 τȢρρ 

The matching condition for this transition can be found from the Hamiltonian and is: 

ɝ‫ ‫ȟ ς“ὐ  τȢρς 

For either the on-resonant case or the off-resonant case, it is beneficial to examine the spin 

operator pathways that connect the initial parahydrogen singlet state, which in operator 

notation is proportional to ὍϽὍ, to Ὓ magnetization on the target nucleus. As introduced in 

Chapter 2, the spin operator pathway may be found by performing the Taylor expansion of 

the density matrix,  
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we may calculate the terms in the expansion until every transition that is accessible by the 

Hamiltonian is mapped. For efficiency, we have developed a computational formulation of 

this expansion that performs the expansion for the user, which is described in Appendix B. 

While writing out the algebraic expressions would be entirely possible, the complexity of the 

terms and the accrued power dependence obfuscates any use of the technique to interpret the 

dynamics. However, the states that are accessed by the Hamiltonian may be represented as 

vertices on a graph and the transitions between these vertices may be represented by directed 

edges to the graph, where the edge is given a color code based on the term in the Hamiltonian 

used to generate that transition. This leads to graphs like the one shown in Fig. 22, which maps 

all the possible transitions by the Hamiltonian given in eq. 4.1 with an initial starting state of 

ὍϽὍ through the leading order terms for Ὓ. Importantly, the ὍὍ  term commutes with the 

꞊ given in eq. 4.1 at all times, so all meaningful hyperpolarization dynamics arise from the 

ὍὍ ὍὍ  term of the singlet. For the ɝ‫ π case, there are two pathways that lead 

to Ὓ that are each linearly  dependent on ‫ȟ changes ‫ȟ, hence why changing the sign of 

the sign of Ὓ. The off-resonant case can generate Ὓ spin order and has a quadratic power 

dependence on ‫ȟ, meaning that there is no phase-dependence on the pulse (when it is a 

Figure 22: Spin operator pathways for LIGHT-SABRE. To generate magnetization (Ὓ or Ὓ) from 

the parahydrogen singlet (ὍϽὍ), the initial density matrix must sequentially interact with the 
different terms of the Hamiltonian. The shortest pathways to the magnetized states are shown by 
each of the arrows, where each arrow corresponds to the density matrix commuting with the 
representative term of the Hamiltonian. 
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constant phase) but acquires a linear dependence on the resonance-offset from the pulse. Each 

of the steps in the spin operator pathway is optimized at a “Ⱦς phase rotation under the 

respective term of the Hamiltonian. For a constant-amplitude irradiation like in LIGHT-

SABRE, the pulse sequence parameters are optimized to balance the simultaneous phase 

evolution under each of the terms. However, this makes the LIGHT-SABRE pulse more 

sensitive to inhomogeneities in ‫ȟ and ɝ‫ .  

In practical limits, the goal is to produce the largest total magnetization. In this case, 

the pulse amplitude is particularly difficult to control at the sample level, as the sample often 

extends beyond the active region of the probe coil. As such, ‫ȟ varies spatially over the 

sample. Techniques to compensate for inhomogeneities are well known in conventional 

magnetic resonance, but were first applied to access the singlet-manifold for pairs of 

magnetically inequivalent spins by Warren and coworkers in 2014131. They examined the case 

of adiabatically power-ramped pulses, which demonstrated robust performance for storing 

(and accessing) the singlet state. Adiabatic pulses are generally defined under the condition 

that the pulse changes slowly with respect to the spin dynamics and can be used to remove 

various artifacts that are generated by rectangular pulses. For the case of SABRE, the ligand 

exchanges with a rate on the order of the dominant couplings, meaning that adiabatic pulses 

can only act on any target spin for its lifetime on the complex. Even after a particular ligand 

dissociates from the complex, the parahydrogen (AAõ) nuclei that remain are in a state that is 

the projection of the system prior to exchange, and essentially provide ômemoryõ to the 

coherent dynamics. Thus, even simple alterations to the pulse sequence, such as linearly 

ramping ‫ȟ ‫ȟ over hundreds of milliseconds, were shown to compensate for 

inhomogeneities in LIGHT-SABRE experiments (Fig. 23). As the active region of most NMR 
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coils only covers a fraction of a standard υππ ‘ὒ SABRE sample, the pulse power will vary 

anywhere between ‫ȟ π up to the power used in the active region. We will refer to this 

limit as the quasi-CW limit, where the pulse is essentially a continuous wave irradiation of the 

system. After the pulse, a delay ὸ is used to permit exchange and allow further 

hyperpolarization to be generated. This pulse sequence may be looped multiple times to 

accumulate hyperpolarization on the target species. These simulations assume a ligand 

exchange rate of Ὧȟ υπ ί , corresponding to an average lifetime of † ρσ άί, and a 

hydride replenishment rate of Ὧȟ ς ί  on a model (4+1)X system at an iridium-to-

Figure 23: Shaping the LIGHT-SABRE pulse. A. The original LIGHT-SABRE experiment utilizes a 
constant-amplitude (rectangular) radiofrequency pulse to generate hyperpolarization. Shaping 
the pulse with a ramped waveform can be used to compensate for experimental inhomogeneities. 
B. Dependence of the SABRE hyperpolarization on the pulse amplitude, ‫ȟ. For the rectangular 

pulse, the polarization in optimized at approximately ‫ȟ ς“ὐ  and then rapidly decreases 
with increasing powers. Ramping the pulse down from ‫ȟ for the same pulse length makes the 

experiment less sensitive to ὄ inhomogeneities. 
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substrate ratio of ὍὶȾὛ ρȾςπ. While the LIGHT-SABRE condition is maximized at 

approximately ‫ȟ ψ Ὄᾀ, which is approximately the value of the ὐ  used in the 

simulation, the performance of the constant-amplitude pulse rapidly degrades with increasing 

‫ȟ. The linearly ramped pulse is predicted to have a much more robust performance in 

comparison and generates nearly double the polarization at ‫ȟ φπ Ὄᾀ. For regions 

outside the active region of the coil, this means that hyperpolarization can still be generated 

more efficiently than if using a constant-amplitude pulse, which we will refer to as the adiabatic 

LIGHT-SABRE experiment. A similar experiment was reported by Pravdivtsev et al. in 2015 

that utilized off-resonant excitation to directly generate Ὓ magnetization and employed a 

ramped 15N-pulse128. However, they only applied the pulses a single time to the system, which 

does not take advantage of the catalytic nature of SABRE hyperpolarization. 

We demonstrated irradiating off-resonance and ramping the LIGHT-SABRE pulse 

experiment can increase the robustness of the pulse sequence to errors in ‫ȟ relative to the 

constant-amplitude pulse at the same resonance offset (Fig. 24). For these experiments, we 

utilized using ὸ χππ άί ramped pulses and ὸ υππ άί delays between the pulses. 

While hyperpolarization is generated when the pulse is on-resonance (ɝ‫ π) in the original 

LIGHT-SABRE experiment, off- resonant excitation can directly generate z-magnetization, 

which greatly improves performance. Due to the large number of coupled spins in the 15N-

pyridine SABRE system, we compare the data to simulations using a truncated (8+3)X model 

using a ligand exchange rate of Ὧȟ υπ ί and hydride exchange rate of Ὧȟ ς ί , 

which are known from experiment. Importantly, the only parameter that is fit between the 

experimental data and simulations is the absolute amplitude, indicating excellent agreement 
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between model and experiment. Signal enhancements up to ‐ ρπππ were observed using 

a parahydrogen enrichment of ὴὌ τσϷ. 

All the original X-SABRE experiments, those developed by the Warren lab as well as 

others in the field51, 52, 128, 132, were motivated by analyzing the matching condition to generate 

SABRE hyperpolarization, akin to the discussion in this section. While identifying this 

condition is a fundamental for any resonant manipulation of coherent dynamics, the analysis 

of the quantum mechanics is only partially representative of the underlying spin physics. A 

complete picture requires incorporating an understanding of the quantum dynamics in tandem 

with the energy level structure of the system, and as Chapter 3 introduced, accurately 

incorporating the chemical exchange interaction in these dynamics is essential. Doing so 

highlights new avenues to develop more robust X-SABRE experiments. 

Figure 24: Adiabatic LIGHT-SABRE experiment. A. An adiabatically ramped pulse was applied off-
resonance the iridium-bound 15N-pyridine resonance at 8.45T. B. The power-dependence of the 
ramped pulse was measured at ῳ‫ ςυ Ὄᾀ (experimental data), and compared to simulations 
using a (8+3)X truncated 15N-pyridine model  (black) and compared to the LIGHT-SABRE 
performance at this offset (gray). C. Resonance profiles for the adiabatic LIGHT-SABRE experiment 
using ‫ȟ υ Ὄᾀ (top) or ‫ȟ σπ Ὄᾀ (bottom). 
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4.2 Unveiling coherently driven hyperpolarization dynamics in SABRE 

In the Introduction, we introduced the idea that spurred most of the work in this research: 

pumping the matching condition provides access to and control over the underlying coherent 

dynamics in SABRE. The coherent component of the SABRE dynamics had remained elusive 

to this point, as observable phase coherence is lost to exchange within approximately σ† of 

the experiment being initiated, on a timescale of tens to hundreds of milliseconds. However, 

if the matching condition is turned on for a time ὸ and then turned off for a time ὸḻὸ to 

permit exchange, the coherent dynamics under the pulse are encoded in the resulting 

hyperpolarization after repeating this sequence for approximately one minute. Performing the 

same experiment for different values of ὸ then provides access to the coherent 

hyperpolarization dynamics (Fig. 25). The delay ὸ is intended to re-initialize the system after 

each subsequent pulse and thus should be optimized so to permit sufficient ligand and hydride 

exchange. While the coherent hyperpolarization dynamics are encoded in the polarization after 

a single pulse, the resulting signals are too low to quantify with any degree of accuracy. As 

such, this pulse sequence is applied many times so to accumulate large, hyperpolarized signals, 

and as such, the observed dynamics do not necessarily match the initial dynamics. Even in the 

case where the delays between pulses are much larger than the lifetime of the complex, the 

resulting signals from the pulse trains deviate from the initial coherent dynamics (Fig. 25B, 

top). These deviations are aggravated in the limit when the pulses are on the order of the ligand 

lifetime of the complex, as multiple pulses are allowed to act on the same complex leading to 

additional structure to the hyperpolarization dynamics (Fig. 25B, bottom). This highlights the 
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importance of being able to simulate the entire SABRE experiment instead of simply the initial 

coherent dynamics and emphasizes the benefit of using the DMExFR2 simulations over the 

more computationally expensive QMC simulations. 

 The coherent hyperpolarization dynamics in SABRE at high field can be immediately 

observed using the pumped LIGHT-SABRE variant, which was performed on a 15N-pyridine 

sample (Fig. 26A). Using a pulse power of ‫ȟ σς Ὄᾀ yields highly visible coherent 

oscillations in the hyperpolarization as a function of the ὸ length. This is far from the 

matching condition (ɝ‫ ‫ȟ ὐ ) but is useful in testing the robustness of the 

DMExFR2 simulations against experiment, which yields a minor „ υȢψϷ (RMSD) 

Figure 25: Coherently-driven SABRE hyperpolarization experiment. A. The matching condition is 
turned on for a time ὸ and is followed by a delay ὸ permitting exchange of the ligand off the 

complex. This sequence is repeated ὲ times for approximately 60s to accumulate 
hyperpolarization on the free species. Depending on the value of ὸ, the effects of multiple pulses 
will either be largely circumvented (ὸḻ†) or generate additional effects from the 
accumulating action of multiple pulses (ὸ †). B. The coherent dynamics are encoded in the 
resulting signal, which may be directly accessed by scanning ὸ. The initial coherent dynamics 

(gray) can deviate largely from the ultimate signal that is encoded at the end of the pulse train 
and can be further aggravated in the strong inter-pulse coupling limit.  
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deviation between simulation and experiment. As demonstrated in the previous section, 

hyperpolarization may be boosted by adiabatically ramping the pulse towards the matching 

condition, thus compensating for loss to inhomogeneities. This is called the Delayed Adiabatic 

Ramps Transfer Hyperpolarization for SABRE, or DARTH-SABRE, experiment. Scanning 

the length of the shaped pulse also provides access to the coherent dynamics under that pulse 

shape. Furthermore, the ὸ scan can identify experimental optima (Fig. 26B). There is excellent 

agreement between experiment and the DMExFR2 simulation for the case of shaped pulses, 

yielding a deviation of „ σȢψϷ. In both cases, the coherent dynamics are damped at a rate 

commensurate with the exchange rate of the 15N-pyridine on the complex, which from 

simulation was  extracted to be ÌÎςȾὯ ρσ άί. In other experimental regimes, such as 

Figure 26: Pumped LIGHT-SABRE and DARTH-SABRE. A. Coherently pumping the LIGHT-SABRE 

matching condition off-resonance directly generates hyperpolarized Ὓ spin order and increases 
the efficiency over the original LIGHT-SABRE experiment by more than 2-fold. Furthermore, the 
experimental results are in excellent agreement with the DMExFR2 simulations. B. Shaping the 
LIGHT-SABRE pulse improves the experimental performance while retaining excellent agreement 
between experiment and simulation. For both cases, ὸ φππ άί and the pulse sequence was 
looped for a total experimental duration of Ὕ φπ ί. The DMExFR2 simulations use exchange 
rates of Ὧ υπ ί  and Ὧ ς ί , and J-couplings were measured from the 1H spectrum of 
the iridium hydrides to be ὐ ψȢω Ὄᾀ, ὐ ςσȢφ Ὄᾀ, and (to ortho-1H) ὐ ρπ Ὄᾀ. 
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SABRE-SHEATH, where the matching condition simultaneously permits coherent evolution 

on both the bound and free species, the decay of the coherent dynamics will not solely be 

affected by the ligand exchange rate. 

 The first maximum in the hyperpolarization in Fig. 26 corresponds to inverting the 

populations between the initial singlet state (ὍϽὍ) and the final magnetized state (Ὓ), which 

may be thought of as a “-pulse for the hyperpolarization dynamics. In terms of conventional 

magnetic resonance, scanning ὸ is analogous to a Rabi-cycling experiment where the 

hyperpolarization for various flip-angle pulses is measured. The ability to control the flip-angle 

Figure 27: Optimizing the hyperpolarization transfer pulse. A. The spin operator pathway for a 
LIGHT-SABRE pulse may be used to guide optimization of a composite pulse to be used to generate 
hyperpolarization more efficiently. This method yielded a pulse shape shown in blue, which 
selects for the highlighted spin operator pathway, whereas the conventional LIGHT-SABRE pulse 
simultaneously optimizes all of the Hamiltonian interactions. B. While the composite pulse can 
generate approximately the same polarization as the LIGHT-SABRE pulse over the same time, the 
rise-time of the hyperpolarization is approximately ὸ  instead of ὸ. Even though each step of 
the spin-operator pathway is optimized, the composite pulse is still outperformed by the LIGHT-
SABRE pulse as exchange permits more hyperpolarization to be accumulated over the pulse 
duration. Simulations used Ὧ ρφ ί  and Ὧ φ ί . The pulse parameters for the periods 

of the composite pulse are (parameters are zero unless noted)  ὴ ὸ ρχ άί, 

ὴ ‫ȟ ςυ Ὄᾀȟὸ ρπ άί, ὴ ‫ȟ σ Ὄᾀȟῳ‫ ρφ Ὄᾀȟὸ ρυ άί, and  

ὴ ‫ȟ τυ Ὄᾀȟὸ υ άί. Pulses were all ὼ-phase.  
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of the hyperpolarization dynamics immediately suggests that there is potential to construct 

composite or shaped pulses that act on the timescale of the exchange dynamics (Fig. 27). 

However, the pumped LIGHT-SABRE and DARTH-SABRE data (Fig. 26) indicate that the 

coherent dynamics can only be efficiently controlled through the first “-pulse due to exchange. 

While it would be possible to directly optimize a composite pulse shape within the DMExFR2 

model, a general structure for the pulse can be motivated from the spin operator pathway for 

LIGHT-SABRE (Fig. 27A). There are four non-commuting sets of interactions that excite the 

highlighted pathways, and we may optimize individual pulses ὴ to optimize each component 

of the pathway that join to form the composite pulse. For simplicity, we will use a (6+4)Y type 

system at a magnetic field where the hydrides are chemically equivalent, such as πȢπυ Ὕ, to 

simplify the analysis. The conventional optimization of the LIGHT-SABRE pulse essentially 

looks to simultaneously optimize phase-rotation under each of the terms in the Hamiltonian 

to generate hyperpolarization. However, each of the individual terms optimizes under 

different conditions. For instance, the first derivative is proportional to ὍὍὛ ὍὍὛ 

spin order, which is maximized when the radiofrequency pulse is off. All subsequent spin 

orders will be scaled by the efficiency of pumping the first derivative, which is generated by 

phase-rotation under ὐ ὍὛ. Selecting the highlighted spin operator pathway in Fig. 27 and 

sequentially optimizing each of the non-commuting steps in the sequence permits one to 

generate a composite pulse for coherently exciting X-SABRE hyperpolarization. Despite every 

step of the spin operator pathway being individually optimized, the performance of the derived 

composite pulse was worse than the LIGHT-SABRE pulse because the latter will generate 

polarization proportional to ὸ, leading to Ὓ hyperpolarization that will accumulate upon 

exchange for  ὸ σπ άί. The composite pulse approximately generates Ὓ spin order 
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proportional to ὸ  due to the discontinuous nature of the excitation. This highlights that it 

will be critical for hyperpolarization to be rapidly generated so to minimize the loss to 

exchange.  

Despite generating lower hyperpolarization, the composite pulse generates 

hyperpolarization over a significantly larger bandwidth than the LIGHT-SABRE pulse 

sequence (Fig. 28). The modulations in this resonance profile, which would sometimes prevent 

hyperpolarization from being generated, may be removed by shifting the phase of the ὴ 

component of the composite pulse from ὼO ώ, which pre-compensates for evolution under 

ɝ‫  during ὴ. Then, hyperpolarization will be generated  in at least one of the two spectra 

acquired with the composite pulse. This is the main idea behind phase cycling techniques, 

which in combination with expanding the hyperpolarization bandwidth will be treated 

explicitly in the following section. Importantly, the composite pulse derived here is specific to 

the molecular parameters that were used to construct the simulation, as all the various powers 

and times optimized here will change with different molecular parameters like the values of 

the ὐ  and ὐ  couplings. While this can be overcome with further optimization, there are 

larger intrinsic issues with the general approach that is employed when deriving 

hyperpolarization from the LIGHT-SABRE matching condition that must be considered. 

Figure 28: Field profiles for LIGHT-SABRE and composite pulses. The composite pulse can excite 
a larger bandwidth than the conventional LIGHT-SABRE pulse, although the profile is modulated. 
This can be compensated for by shifting the ὴ phase to a ώ-pulse.  
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 While scanning ὸ informs on the coherent dynamics of the system, scanning ὸ 

informs on the optimal pumping rate of the system over the course of the experiment. This 

will depend on a confluence of many factors, such as the efficiency of each individual pulse in 

generating magnetization, the hydride exchange rate, the ligand to catalyst concentration ratio, 

and ligand relaxation rates. The dependence on the hydride exchange rate is particularly 

interesting, as ὸ should optimize to shorter values when Ὧ  is high and should optimize to 

longer values when Ὧ  is slow. In the slow exchange case, the longer delay provides more time 

for the system to replenish the spin source, thus creating more magnetization. This trend is 

not observed in the simulations (Fig. 29A), which shows that the dynamics scanning ὸ are  

Figure 29: Dependence on ◄▀ for different hydride exchange rates. A. One would expect the 
optimal value of ὸ would decrease as Ὧ  is increased, which should hold for all ὸ σ† when 
95% of the ligands have been replenished.  However, the predicted dependence on the ὸ is nearly 
completely superimposable even if the average lifetime is iterated from † ςυπ άί to †
ρπππ άί. Simulations performed at Ὧ σπ ί . B. Experimentally scanning ὸ using a ὸ

ςυ άί DARTH pulse shows significant deviation of the simulation from experiment, in stark 
contrast to the data collected varying ὸ in the same sample. 
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nearly invariant to altering the Ὧ . The experimental data scanning ὸ grossly deviates from 

the theoretical prediction (Fig. 29B), which stands in contrast to the excellent agreement 

shown in the same system when simply varying the parameter ὸ in Fig. 26. While scanning 

ὸ yielded results that were entirely expected, the dependence of hyperpolarization on ὸ 

spurred two important questions: why can the simulations not reproduce the ὸ dependence 

and why are the dynamics during ὸ invariant to the hydride exchange rate? 

 The first of these questions is perhaps the most critical, as the development of next 

generation X-SABRE experiments is predicated on the DMExFR2 model being a robust and 

exhaustive implementation of the SABRE dynamics. Still, it is puzzling why there is such 

excellent agreement between experimental data and simulation when scanning one parameter 

but not the other. This may be unraveled if one considers the actual sample geometry in the 

high-field magnet probe (Fig. 30). These experiments were performed in a 5mm high-

Figure 30: Sample geometry at high-field and flow effects in X-SABRE dynamics. A. The SABRE 
sample is bubbled within a 5mm high-resolution 1H/2H/13C{15N} probe whereby only a fraction of 
the sample sits in the active region of the coil. Therefore, the ὄ field (green) only irradiates the 
fraction of the sample in this region and the sample outside of this volume are essentially 
hyperpolarization inactive. Bubbling causes population to flow between the active and inactive 
regions of the sample, which may be included as a two-site pseudo-exchange. B. Including flow 
effects within the DMExFR2 model as a secondary set of exchange pathways and using a ratio of 
ὃȾὍ ρȾτ (the relative concentration between the regions) and a flow rate of Ὧ πȢυ ί  

recovers the experimental trend. Flow effects were incorporated by Shannon Eriksson. 
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resolution 1H/ 2H/ 13C{15N} probe where the SABRE sample extends beyond the active 

volume of the coil. In this case, only the sample in the active volume is irradiated and the 

sample outside of this region is essentially hyperpolarization inactive. However, parahydrogen 

is bubbled continuously through the sample during the experiment which leads to a mixing of 

the populations in these two coil regions. There can be different concentrations of sample in 

the two regions depending on the sample geometry, which can be represented by the ratio of 

these concentrations ὃȾὍ. Then, this mathematically looks like a two-site pseudo-exchange 

between the active and inactive coil regions, which may be included in the DMExFR2 as 

additional exchange pathways that obey the same conventions established in Chapter 3 for 

chemical exchange. Including these effects in the DMExFR2 simulations using the parameters 

ὃȾὍ ρȾτ and a flow rate of Ὧ πȢυ ί  recovers the trend observed in the 

experimental data. Of course, the ὄ field varies continuously between the active and inactive 

regions of the system but the assumption that we make to model this as an abrupt transition 

is sufficient to largely recover the flow-dependent effect. Flow effects are not present in 

SABRE-SHEATH, as it is trivial to build a solenoidal magnet that extends far past the sample.   

While flow effects explain the disparity between simulation and experiment when 

scanning ὸ, they do not explain why these dynamics are seemingly invariant to Ὧ  other than 

uniformly generating more or less hyperpolarization. This suggests that there is a secondary 

process that counterbalances the addition of parahydrogen such that the optimum value of ὸ 

does not depend on the amount of singlet order in the system. Examining the spin-operator   

pathway for AAõX or AAõXXõ systems provides insight into this problem (Fig. 31A). When 

starting from singlet order (ὍϽὍ), the transverse terms of the singlet (ὍὍ ὍὍ ) evolve 

under the ὐ  coupling to generate the three-spin ὍὍὛ ὍὍὛ spin order. This order 
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evolves under both the ὐ  and ὐ  couplings, which in the presence of chemical exchange 

generates an average dephasing of this spin order. As ὐ ḻὐ ḻὯ  under typical 

conditions, this spin order dephasing is much faster than the singlet order replenishment and 

thus leads to an optimum ὸ that is invariant to Ὧ  in this limit. However, decoupling the ὐ   

coupling by irradiating the 1H channel with a power ‫ȟḻὐ  effectively locks the spin 

order in ὍϽὍ, which in turn permits ὸ to be affected by the hydride exchange rate as one 

may intuitively expect. It should be noted that ὭὍὍȟὐ ὍὛ π, preserving the 

longitudinal term of the singlet at high field. 

 

 

Figure 31: Recovery of ▓╗-dependent dynamics in the exchange delay. A. Spin operator pathway 
ŦƻǊ !!Ω· ǎǇƛƴ ǎȅǎǘŜƳǎ ƛƴ ǘƘŜ ŀōǎŜƴŎŜ ƻŦ ǇǳƭǎŜǎΦ ¢ƘŜ ὐ  coupling transforms the singlet spin order 

into three-spin ὍὍὛ ὍὍὛ spin order, which we denote as ” . This spin order then 

coherently averages to zero under both the ὐ  and ὐ  coupling, consuming the parahydrogen 
spin order. As ὐ ḻὐ ḻὯ  under typical conditions, this leads to the Ὧ  independent ὸ 
optimization. Irradiating the 1H channel with a power ‫ȟḻὐ  decouples ὐ , effectively 

locking the ὍϽὍ spin order. B. Continuous wave decoupling the ὐ  during the exchange delay 
recovers the expected dependence of ὸ on the exchange rate, as the singlet order is preserved. 
Note that the optimal delay decreases as the hydride exchange rate is increased from Ὧ ρ ί  
(blue) to Ὧ τ ί . 
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4.3 Expanding the target scope of high field X-SABRE 

The development and benchmarking of high-field X-SABRE has been done exclusively using 

15N-pyridine. While it regularly generates large, hyperpolarized signals, pyridine is a poor 

representative of the larger SABRE target scope. In particular, most SABRE targets require 

the use of a hyperpolarization-inactive coligand to facilitate exchange with the iridium catalyst, 

which changes the available exchange pathways that the target experiences that are absent in 

the pyridine system. Additionally, the parahydrogen-derived hydrides experience different 

magnetic environments when two different ligands are bound in the equatorial plane of the 

complex (Fig. 32) . This difference is aggravated at high magnetic field when the individual  

Figure 32: Hydride spectra in symmetric and asymmetric ligand environments. The hydrides in 
an [Ir(H)2(15N-pyridine)3]+ complex (symmetric) are chemically equivalent (‫ ‫ ) but 
inequivalently couple the trans-iridium 15N spins. This permits visualization of the 2JHH and 2JNH 
couplings in the spectrum. The hydrides in the  [Ir(H)2(15N-acetonitrile)x(14N-pyridine)3-x]+ complex 
(asymmetric) show a large splitting between the resonances (‫ ‫ ) and the same set of 
couplings is visible in this case.  
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hydride chemical shifts are no longer identical. Under this condition, the Hamiltonian 

becomes: 

꞊
ɝ‫

ς
Ὅ Ὅ ɝ‫ Ὓ ‫ȟὛ ς“ὐ ὍϽὍ ὐ ὍὛ  τȢρτ 

We have defined ɝ‫ ‫ȟ ‫ȟ  as the frequency difference between the 

parahydrogen derived hydrides. This is generally referred to as an ABX system in Pople 

notation. The hyperpolarization active subspace of the Hamiltonian then takes the form: 
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Ở
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‫ȟ
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ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
Ỡ

 τȢρυ 

For reference, ɝ‫ τφπ Ὄᾀ at 8.45T while ὐ ςυȢτ Ὄᾀ for the 15N-acetonitrile/14N-

pyridine X-SABRE system. Under these conditions, the singlet and triplet manifolds are 

strongly mixed and the ὍὍ ὍὍ  terms of the singlet rapidly accumulate a phase with 

evolution under the ɝ‫  term. This rapid phase-accumulation of the transverse singlet terms 

prevents hyperpolarization from being generated in ABX spin systems. For this reason, high-

field X-SABRE had only ever been pursued on systems that bind the complex in symmetric 

ligand environments, which do not induce ɝ‫ , of which there are only a few known 

examples. Reliance on ligands that bind in symmetric environments dramatically reduces the 

potential applications of high-field X-SABRE and is thus an interesting experimental limitation 

to explore. 
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 As the term preventing translation of high-field SABRE methods to asymmetric ligand 

environments is ɝ‫ , an approach this problem is to simply remove or reduce the effects 

of this term. This may be accomplished by concurrently irradiating the Ὅ and Ὓ-spins, giving: 

꞊
ɝ‫

ς
Ὅ Ὅ ‫ȟ Ὅ Ὅ ɝ‫ Ὓ 

‫ȟὛ ς“ὐ ὍϽὍ ὐ ὍὛ  

τȢρφ 

If  ‫ȟḻɝ‫ Ⱦς, we may approximate the Hamiltonian as being simply proportional to 

the 1H-irradiation terms. Under this condition, the Hamiltonian commutes with the ὍϽὍ spin 

order,  thus preserving the singlet as it binds a catalyst with an asymmetric ligand environment. 

However, continuously irradiating on 1H at ‫ȟḻɝ‫ Ⱦς will decouple the hydrides and 

the target ὐ  coupling, which means that no polarization may be extracted from the singlet 

order. Therefore, we must use an intermediate ‫ȟ that permits locking the singlet and while 

not preventing evolution under the ὐ  coupling. 

For ‫ȟ π, every state in the ABX system Hamiltonian is connected in a single 

manifold. As such, this case is far from the limit of a two- or few-level system from which 

experimental parameters may be immediately derived. Instead, a computational optimization 

of this Hamiltonian is much more accessible using the DMExFR2 model. As with the other 

X-SABRE experiments demonstrated here, the matching condition may be driven coherently 

for a time ὸ followed by a delay ὸ to permit for exchange of the ligand into solution (Fig. 

33A). However, the 1H-irradiation is applied to the system for the entire duration of the 

experiment to preserve any singlet order that exchanges onto the catalyst during the exchange 

delay (ὸ).  Hyperpolarization for this pulse sequence is optimized under the condition where 

‫ȟ ɝ‫  (Fig. 33B), but decreases as -‫ȟ is further increased. This is because the 1H  
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irradiation will act to decouple the ὐ  interaction, thus preventing spin order from being 

transferred to the heteronucleus. Conveniently, the matching conditions for 15N-irradiation 

are similar to the conventional LIGHT-SABRE matching conditions (Fig. 33C). We refer to 

this as the 1H decoupled LIGHT-SABRE (1H dLIGHT) experiment. 

 Here, we demonstrated the high-field X-SABRE hyperpolarization in an asymmetric 

ligand environment for the first time by using 1H decoupling during the entire experimental 

duration (Fig. 34). Varying ‫ȟ shows that hyperpolarization is maximized when the 

decoupling power is set to ‫ȟ ρȢφ ὯὌᾀ, which disagrees with the theoretical prediction. 

However, this experiment was performed by continuously bubbling parahydrogen through 

Figure 33: 1H decoupled LIGHT-SABRE. A. Simultaneous irradiation of the 1H and 15N permits the 
generation of hyperpolarization in ABX spin systems. B. Hyperpolarization is efficiently generated 
using ‫ȟḻῳ‫ Ⱦς (dashed red). As ‫ȟ continues to increase, the polarization begins to 

decrease as the 1H-irradiation is decoupling the ὐ  interaction. For this simulation, ὸ σρ άί, 

ὸ τππ άί, ‫ȟ ρυ Ὄᾀ, Ὧ ρφ ί , Ὧ ς ί  were used. C. For ‫ȟ ῳ‫ , the 
matching condition is similar to the case of symmetric ligand environments.    
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the sample, which at 8.45T introduces inhomogeneities due to the large susceptibility 

difference between parahydrogen gas and methanol. Including Gaussian inhomogeneities in 

the simulation significantly improves the agreement between the experimental data and 

theoretical prediction.  

Experimentally, we find that it is beneficial to introduce a recoupling period ὸ in the 

1H dLIGHT experiment that interchanges the Ὓ ᴾὝ  populations as well as invert the 

Ὕ ᴾὝ  populations with a “ pulse (Fig. 35A), and find an optimal recoupling time of ὸ

ςυπ ‘ί. This corresponds to only approximately ρȾτ of the time required to fully interchange 

the Ὓ ᴾὝ  states, using ɝ‫ τφπ Ὄᾀ at 8.45T, but is likely optimized largely due to the 

broad inhomogeneities arising from the large susceptibility difference between the 

parahydrogen gas and the solvent. The experimental trend could very likely be fit using a 

simulation that engineered specific inhomogeneities in the simulation, but this would result in 

overfitting the data. Still, enhancements of up to ‐ ρπρ were observed on 15N-acetonitrile 

using this approach (Fig. 35C). Additionally, we showed that 15N-magnetization could be 

Figure 34: 1H decoupled LIGHT-SABRE performance as function of decoupling. A. While the 
polarization is larger at ‫ȟ πȢυ ὯὌᾀ, the resonance profile for generating polarization is 

narrower and has negative features. Increasing the power broadens the profile and minimizes the 
negative polarizations. B. Experimentally, hyperpolarization is recovered for ABX spin systems in 
the presence of 1H decoupling. The observed power dependence deviates from the theoretical 
simulation without inhomogeneous broadening (gray). Including Gaussian inhomogeneities with 
a standard deviation of „ ρππ Ὄᾀ improves agreement. 
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generated on the (15N,1-13C)-acetonitrile isotopolog under the same experimental conditions. 

Antiphase Ὓὒ spin order on the 15N/ 13C pair can also be accessed in this system by irradiating 

on-resonance with the iridium-bound 15N-nucleus, offering opportunities to access 

hyperpolarized non-Zeeman spin orders at high field. We showed that enhancements of up to 

‐ ρτφ could be obtained on (15N,1-13C)-acetonitrile. 

 Prior to the development of the 1H-decoupled LIGHT-SABRE variants, only a few 

targets could be hyperpolarized directly at high-field and 15N-pyridine was the only target 

Figure 35: 1H decoupled LIGHT-SABRE results. A. The 1H decoupled/recoupled LIGHT-SABRE 

variant uses a recoupling time ὸ and “ pulse to interchange the Ὓ ᴾὝ  and Ὕ ᴾὝ  states. 
B. The recoupling time ὸ was optimized to ὸ πȢςυ άί using ὸ ρψ άί and ὸ ρππ άί.  

C. Optimization of the bubbling yields ‐ ρπρ on 15N-acetontirile. This was extended to the 
isotopolog (15N,1-13C)-acetonitrile, where magnetization may be pumped when irradiating off-

resonance and two-spin, ὔὅ spin order may be generated when pumping on-resonance. For all 
these experiments, hyperpolarization was performed using the decoupled/recoupled LIGHT-
SABRE variant using the parameters ὸ ρψ άί, ὸ ρππ άί, ὸ πȢςυ άί.  
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reported in the literature52, 117, 120, 132, 133. While these experiments broadened the scope of high-

field X-SABRE to span the same substrate scope as SABRE-SHEATH, this class of 

experiments still fundamentally suffered from lack of flexibility when changing between 

hyperpolarization targets. The matching condition ɝ‫ ‫ȟ ὐ  fundamentally incurs 

a narrow X-SABRE excitation bandwidth limited to match the small value of the ὐ  coupling. 

Furthermore, these experiments required ‫ȟ ρȢφ ὯὌᾀ at a magnetic field of 8.45T, 

meaning that even stronger decoupling power would be required at higher magnetic fields like 

those used in biomolecular NMR and metabonomics134-137. As such, it became evident that an 

entirely new approach to X-SABRE hyperpolarization at high magnetic field would be 

required if these techniques were to compete with SABRE-SHEATH.  

 Perhaps the most fundamental problem with high-field X-SABRE is accessibility to a 

source of spin order that is not depleted during the exchange delay. For both AAõX and ABX 

spin systems, hyperpolarization is extracted from the ὍὍ ὍὍ  terms of the 

parahydrogen singlet state. The issue arises in that neither of these terms are an eigenstate of 

the Hamiltonian during the exchange delay, meaning that they are constantly being converted 

into other spin-orders that do not facilitate hyperpolarization. However, the ὍὍ  term is an 

eigenstate of the Hamiltonian even in the presence of pulses. This means that no additional 

measures need to be taken to isolate this spin order during the X-SABRE process. The only 

issue arises in that spin order cannot be extracted from this term even in the presence of 

conventional LIGHT-SABRE type experiments. Thus, it would be beneficial for a new 

excitation strategy to target extracting hyperpolarization from this source of spin order. 

 Before designing a suitable experiment that utilizes ὍὍ  spin order, the interactions 

required to excite this transition should be identified by searching for the relevant spin 
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operator pathways. To search the spin operator pathways that lead to this transition, we start 

with the ABX Hamiltonian in the absence of any pulses as 

꞊
ɝ‫

ς
Ὅ Ὅ ɝ‫ Ὓ ς“ὐ ὍϽὍ ὐ ὍὛ  τȢρχ 

The AAõX Hamiltonian is recovered in the limit ɝ‫ π. As previously noted, ὍὍ  spin 

order commutes with eq. 4.17 at all times. To make progress, let us examine the evolution of 

”ὸ under an arbitrary sequence of pulses ὟȟὟȟỄ with delays ÅØÐ Ὥ꞊ ὸȟ 

ÅØÐὭ꞊ ὸ ȟỄ interleaved between the pulses. For two pulses and delays, this looks like: 

”ὸ Ὡ ꞊ ὟὩ ꞊ Ὗ”ὟὩ꞊ ὟὩ꞊  τȢρψ 

If we place 

ὟὟ ὟὟὟὟ Ὁ τȢρω 

and their conjugates within the sequence, we may write: 

”ὸ ὟὟὟὟ Ὡ ꞊ Ὗ ὟὟ Ὡ ꞊ Ὗ”Ễ τȢςπ 

Contracting the terms to the right-hand side and rearranging the parentheses gives: 

”ὸ ὟὟ ὟὟὩ ꞊ ὟὟ ὟὩ ꞊ Ὗ ”Ễ τȢςρ 

Conventionally, we choose ὟὟ Ὁ, which is the case when the pulse flip angles for these 

pulses sum to ς“ to simplify interpretation of the sequence. We may then use the relation 

ὟὩ ꞊ Ὗ Ὡ ꞊
 τȢςς 

to show that evolution through the end of the first period ὸ evolves as if under the 

Hamiltonian: 
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꞊ Ὗ꞊Ὗ τȢςσ 

Similarly for the Hamiltonian during the second delay, evolution is dictated by 

꞊ ὟὟ꞊ὟὟȟ τȢςτ 

where the time-ordering of the pulses acting on ꞊ is reversed from the time-ordering that the 

pulses are applied to the system. This is called the toggling-frame Hamiltonian, which was 

derived in the development of Average Hamiltonian Theory and facilitates interpretation of 

complex pulse sequences. Thus, evolution may happen under terms in the Hamiltonian as well 

as rotations generated by pulses. For instance, if a 1H ωπ pulse was applied to the system, the 

toggling frame Hamiltonian during the subsequent delay period ὸ would be 

꞊ Ὡ

ở

ờ

ɝ‫

ς
Ὅ Ὅ

ς“ὐ ὍϽὍ

ς“ὐ ὍὛ ɝ‫ ὛỢ

ỠὩ  

꞊
ɝ‫

ς
Ὅ Ὅ ς“ὐ ὍϽὍ ς“ὐ ὍὛ ɝ‫ Ὓ 

τȢςυ 

Note that we have formally used time-reversal to cast the rotation in the conventional form. 

We see that the form of the toggling-frame Hamiltonian now contains a term like ὍὛ, which 

is not a conventional term in the J-coupling. Thus, we may search for the spin operator 

pathways that lead to magnetization using not only the terms of the Hamiltonian but also 

terms that are generated by evolution under pulses. Often, multiple toggling frame 

Hamiltonians can be generated to lead to an average Hamiltonian that has the desired 

properties without any extraneous terms, which is the method we will employ here. 

 There are multiple, identical spin operator pathways that excite the ὍὍ ᴼὛ 

transition and all do so in three interactions with various toggling frame Hamiltonians. For 
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simplicity, we will choose one of these pathways and work out the Taylor series expansion 

explicitly. The first term in the expansion utilizes the ὐ  coupling to generate a coherence 

between the hydrides and target nucleus, and is given by: 

” ὸ ὭὍὍȟς“ὐ ὍὛ ὸ ὍὍὛ ς“ὐ ὸ τȢςφ 

ὍὛ is one of the non-secular J-coupling terms and can be generated using simultaneous 1H 

and 15N pulses. The next term utilizes the ὐ  coupling to remove Ὅ from the coherence:  

” ὸ ὭὍὍὛȟς“ὐ ὍϽὍ “ὐ ὸ ὍὛ
“ὐ ὐ ὸ

ς
 τȢςχ 

A phase-shifted form of the ὐ  is all that is required to generate Ὓ magnetization: 

” ὸ ὭὍὛȟς“ὐ ὍὛ
“ὐ ὐ ὸ

φ
Ὓ
“ὐ ὐ ὸ

ρς
 τȢςψ 

The term ὍὛ is not a naturally-occurring form of the J-coupling, so we must introduce this 

term in the toggling-frame Hamiltonian. The power-dependence of this coherence pathway is 

completely independent of any pulse parameters, meaning that hyperpolarization may be 

generated if the Hamiltonian takes on the form dictated by this pathway. Various other phases 

of the ὐ  coupling may be used to obtain the same result. 

 Here, we have assumed that no phase is accumulated by ɝ‫  terms in the spin 

operator pathway. If ɝ‫  were permitted to act after the second interaction, then the third 

term in the expansion would be: 

” ὸ ὭὍὛȟɝ‫ Ὓ
“ὐ ὐ ὸ

φ
ὍὛ

“ɝ‫ ὐ ὐ ὸ

φ
 τȢςω 
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This term would then commute with the ὐ ὍὛ term that was originally used in eq. 4.28, 

thus not giving hyperpolarization. However, if the same sequence was applied but the form of 

the second ὐ  coupling was shifted to ὍὛ, as it was in the first step, then hyperpolarization 

could be generated in the fourth term of the expansion as: 

” ὸ ὭὍὛȟς“ὐ ὍὛ
“ɝ‫ ὐ ὐ ὸ

φ
 

” ὸ Ὓ
“ɝ‫ ὐ ὐ ὸ

ρς
 

τȢσπ 

In cycling the excitation phase between these two combinations of ὐ  couplings, we may 

compensate for the resonance offset of the heteronucleus. A similar treatment may be used to 

compensate for phase-accumulation on the Ὅ-spins, which leads to a four-step phase cycle that 

removes dependence on the chemical shifts of all spins. 

 The coherence pathway described above can be excited if the phase of the ὐ  

coupling can be selectively generated, which is accomplished by the pulse sequence shown in 

Fig. 36. Only the solid-color pulses in Fig. 36 are required to generate the desired ὐ  coupling, 

and the remaining dashed-outline pulses may be included to refocus off-resonant evolution. 

For this pulse sequence, the relevant toggling-frame terms are listed below. To make it clear 

which pulses to which we are referring, we will always refer to them in the notation 1H/ 15N. 

Let us examine the pulse sequence to generate a ὐ  coupling of the form ὍὛ. The first set 

of ωπӶȾωπ dictate the phase of the toggling-frame ὐ  coupling according to the phase of 

the pulse used on each nucleus. More specifically, the toggling frame Hamiltonian during the 

ς† period after the first pulses is given by: 
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꞊ Ὡ

ở

ờ

ɝ‫

ς
Ὅ Ὅ

ς“ὐ ὍϽὍ

ς“ὐ ὍὛ ɝ‫ ὛỢ

ỠὩ  

꞊
ɝ‫

ς
Ὡ Ὅ Ὅ Ὡ ɝ‫ Ὡ ὛὩ  

꞊ ς“ὐ ὍϽὍ ς“ὐ Ὡ ὍὩ Ὡ ὛὩ  

꞊
ɝ‫

ς
Ὅ Ὅ ɝ‫ Ὓ ς“ὐ ὍϽὍ ς“ὐ ὍὛ 

τȢσρ 

We have called this toggling-frame Hamiltonian ꞊ . Again, the ὍϽὍ is unaffected by 

rotations as it is a zero-rank tensor (dot product), and thus invariant to rotations. For 

simplicity, we will consider the case where the optional ρψπȾρψπ pulses are not used, as it 

makes the result more followable and generates the same result. While the Hamiltonian in eq. 

Figure 36: Excitation block for broadband X-SABRE. The phase of the non-secular ὐ  couplings 

required to generate X-SABRE hyperpolarization from the ὍὍ  term is essentially determined by 
the first ωπӶ and ωπ pulses in this block, but this converts the resonance offset term into one 

proportional to Ὓ. The central ρψπ and ρψπ pulses are used to invert the phase of the Ὓ term, 

which is then removed from the average Hamiltonian. The final pulse halts evolution under the 
non-secular ὐ  coupling. The dashed pulses may be added to compensate for the phase 
evolution under the resonance offset terms during ς†, and are employed in practice. 
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4.31 contains terms proportional to ὐ ὍὛ, it converts the resonance offsets of the spins 

into unwanted terms that look like pulses. To suppress these terms, we must generate a second 

toggling-frame Hamiltonian such that the average Hamiltonian does not evolve under these 

interactions. This is accomplished by using a pair of ρψπȾρψπ pulses, which for the period 

ς† after these pulses gives a toggling-frame Hamiltonian: 

꞊
ɝ‫

ς
Ὡ Ὡ Ὅ Ὅ Ὡ Ὡ  

꞊ ɝ‫ Ὡ Ὡ ὛὩ Ὡ ς“ὐ ὍϽὍ 

꞊ ς“ὐ Ὡ Ὡ ὍὩ Ὡ Ὡ Ὡ ὛὩ Ὡ  

꞊
ɝ‫

ς
Ὅ Ὅ ɝ‫ Ὓ ς“ὐ ὍϽὍ ς“ὐ ὍὛ 

τȢσς 

In using the ρψπȾρψπ pulses, the single-spin terms have changed sign but leaves the sign 

of the ὐ  coupling intact. The final ωπȾωπ pulses return the conventional form of the ὐ  

coupling and stop evolution under the non-secular form. At this point, may calculate the 

zeroth order average Hamiltonian of this sequence as: 

꞊
ρ

Ὕ
Ὠὸ꞊ ὸ

ρ

τ†
ς꞊ † ς꞊ † 

꞊ ς“ὐ ὍϽὍ ὐ ὍὛ  

τȢσσ 

This Hamiltonian no longer contains any dependence on ɝ‫  or ɝ‫ , meaning that this 

form of the interactions will be present anywhere within the bandwidth of the pulses.  

 The desired coherence pathway is excited by joining two, phase-shifted excitation 

blocks separated by a delay †  that permits evolution under the ὐ  coupling (Fig. 37A). A 

pulse sequence that generates ὍὛ ὍὛ in ꞊  is called a ώώ ώὼ sequence. We have 
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demonstrated that this approach can generate hyperpolarization from the ὍὍ  spin order in 

ABX systems using the 15N-acetontrile/14N-pyridine X-SABRE system (Fig. 37B). Cycling the 

excitation phase to ώὼ ώὼ and co-adding the resulting spectra compensates for “Ⱦς phase 

shifts induced by the resonance offset and permits X-SABRE hyperpolarization to be 

generated continuously over a 6 kHz bandwidth. Phase shifts of “ induced by the resonance 

offset can be still hyperpolarized by the ώώ ώὼ sequence but generate negatively-signed 

hyperpolarized signals. Note that the actual structure of the resonance-offset profile is much 

Figure 37: Broadband X-SABRE hyperpolarization at high field on 15N-acetonitrile. A. Utilizing 
two phase-coherent excitation blocks separated by a delay †  generates broadband X-SABRE 
hyperpolarization at an arbitrarily high magnetic field. B. Using † ςρ άί and † σ άί, 
hyperpolarization may be generated over a 6 kHz bandwidth with ‫ȟ ςȢυ ὯὌᾀ (ωπ) and 

‫ȟ υ ὯὌᾀ (ρψπ) pulses. Phase cycling between ώώ ώὼ and ώὼ ώὼ excitation blocks 

phase-shifts the resonance offset profiles by “Ⱦς such that hyperpolarization is always generated. 
C. The four steps of the phase cycle significantly reduce the sensitivity to † . This circumvents 
the need to finely optimize the †  delay. Data were fit to DMExFR2 simulations using the 
parameters Ὧ ρφ ί , Ὧ ς ί , and ὍὶȾὛ ρȾςπ for the 15N-acetontirile system. 
Sample was 15N-acetonitrile (191 mM), 14N-pyridine (25 mM), and [Ir(IMes)(COD)]Cl (3.7 mM). 
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more structured than the data shown in Fig. 37B, and the modulation observed is a difference 

frequency from a multiple of the actual modulation frequency. This pulse sequence excites a 

coherence in the first excitation block that evolves under the Zeeman interactions for both 1H 

and 15N spins during † . As such, hyperpolarization is strongly dependent on the exact value 

of † .  Similar to how shifting the excitation phase from ώώ ώὼO ώὼ ώὼ compensates 

for the 15N-phase accumulation in the ɝ‫  profile, a four step phase-cycle where the first 

excitation block is cycled through the phases ώώȟώὼȟὼώȟ and ὼὼ while keeping the phase of 

the second excitation fixed fully compensates for Zeeman evolution during †  (Fig. 37C).  

 Much of conventional magnetic resonance is predicated on the idea that coherences 

can be established such that population is transferred between coupled nuclei, which is the 

basis for much of multidimensional spectroscopy as well as polarization-transfer experiments 

like the INEPT (Insensitive Nuclei Enabled by Polarization Transfer) pulse sequence132. The 

broadband X-SABRE experiment takes a similar approach, even though it uses non-secular 

ὐ  couplings that are generated in the toggling frame. Evolution of the initial ὍὍ  state 

under a coupling of the form ὍὛ is: 

”ὸ Ὡ ὍὍὩ  

”ὸ ὍὍ ÃÏÓ“ὐ ὸ ὍὍὛÓÉÎ“ὐ ὸ 

τȢστ 

Maximizing the conversion to ὍὍὛ spin order requires “ὐ ὸ “Ⱦς over the course of 

the first excitation block where ὸ τ†. Therefore, we predict that the signal would be 

maximized at † ρȾψὐ υ άί for this system (ὐ ςυ Ὄᾀ). However, the ὍὍὛ 

spin order is a three-spin coherence that is not preserved during exchange, and thus in the 

limit where Ὧ ὐ , the optimum value of † is difficult to predict from first principles. 
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However, the DMExFR2 simulations can readily predict where † is optimized as a function 

of the various sequence parameters (Fig. 38). We find that hyperpolarization is optimized at 

† σ άί for 15N-acetontrile, which has an exchange rate of Ὧ ρφ ί  at room 

temperature. Under the optimal conditions, we were able to observe signal enhancements up 

to ‐ ρφψ. There are many important effects that are not dependent on the signal 

enhancement but on the magnetization of the sample, such as dipolar field effects and 

radiation damping. As such, it is important to also report the absolute signal intensity. The 

largest signals here correspond to a concentration of 100% polarized 15N-acetontrile of 

ὖ Ϸ ωτ ‘ὓ, which is also referred to as a molar polarization. For reference, the signal 

of neat 15N-acetonitrile at 8.45T has a molar polarization of ὖ Ϸ υυ ‘ὓ, corresponding 

Figure 38: Evolution time under ╙╝╗ couplings. The evolution time † determines the degree to 
which the non-secular ὐ  couplings can generate evolution in the system. If a “Ⱦς phase 
accumulation is desired under this term, then † ρȾψὐ υ άί. However, exchange leads 
to a loss of phase coherence and means that the optimum value of † is found at shorter times 
than expected. In this case, the optimum value was found to be † σ άί (data) in rigorous 
accordance with the DMExFR2 simulation (black). Under these conditions, we were able to 
achieve a maximum enhancement of ‐ ρφψ, corresponding to a ὖ Ϸ ωτ ‘ὓ. Data were 
acquired with at a ώώ ώὼ sequence on a 15N-acetonitrile (191 mM), 14N-pyridine (25 mM), and 
[Ir(IMes)(COD)]Cl (3.7 mM) sample using † ςρ άί 
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to a hyperpolarized signal nearly twice that of the neat solution. Also, it should be emphasized 

that the molar fraction of parahydrogen used in this experiment was ὼ τσϷ, meaning 

that the hyperpolarization could be tripled if ὼ ωπϷ were used. 

 The phase-coherent excitation method discussed here recovers the ability to generate  

X-SABRE hyperpolarization in ABX spin systems while greatly reducing power dissipation of 

the pulse sequence relative to 1H decoupled LIGHT-SABRE and does so over a large, 6 kHz 

bandwidth. However, the large excitation bandwidth and the ability to phase-cycle permits 

further progress towards the terminal high-field X-SABRE applications like hyperpolarized 

biomolecular NMR and metabonomics. Towards this, we have shown that the broadband X-

SABRE experiment can simultaneously hyperpolarize multiple targets with no additional 

modification to the pulse sequence (Fig. 39A). In a two-component 15N-acetonitrile and 15N-

pyridine system, we chose an excitation frequency between the free-species resonances of each 

of the targets and used the four-step phase cycle to compensate for the resonance offset of 

each target. The hyperpolarized multicomponent spectrum is obtained by calculating the root-

mean-square (RMS) of the spectra from the steps of the phase cycle, which show large 

enhancement on both targets. Scanning the † delay and measuring the RMS enhancement 

between the four-steps of the phase cycle indicates that both targets hyperpolarize nearly 

equally (Fig. 39B). Expanding the system to a mixture of 15N-pyridine, 15N-nicotinamide, 15N-

benzylamine, and 15N2-imidazole permits investigation of co-polarization in a regime where 

the chemical shift dispersion is significantly larger than in the 15N-acetonitrile/15N-pyridine 

system. At the cost of slightly increased power dissipation, the pulse bandwidth could be 

increased to excite the entire 15N-spectrum more equally. However, sweeping the excitation 

frequency over a 7 kHz bandwidth with 1 kHz spacings between each step and acquiring the 
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broadband X-SABRE spectrum at each frequency rapidly provides access to the entire 

hyperpolarized spectrum (Fig. 39C).  Co-adding the resulting spectra yields high SNR spectra, 

with SNR ranging from 20-850, that are readily interpretable (Fig. 39D).   This spectrum is 

a composite of 28 individual X-SABRE spectra, meaning that comparison of the reported 

Figure 39: Simultaneous hyperpolarization of multiple targets at high field.  A. Choosing an 
excitation frequency central to the 15N-acetontrile (191 mM) and 15N-pyridine (50 mM) 
resonances and phase cycling the broadband X-SABRE sequence permits simultaneous 
hyperpolarization of multiple targets, which are delineated by the respective molecular structure. 
B.  Scanning † demonstrates that both targets hyperpolarize nearly equally. C. For systems with a 
larger chemical shift dispersion, the broadband X-SABRE experiment may be iterated by scanning 
the excitation frequency. Here, we show a scan over 7 kHz in 1 kHz increments in a four-
component sample with 15N-pyridine, 15N-nicotinamide, 15N-benzylamine and 15N2-imidazole. D. 
Co-adding these spectra generates high SNR 15N-spectra of multiple targets. For all spectra, 1H-
decoupling was used during acquisition to narrow lines and simplify visual analysis. The signal-to-
noise of the individual components are 15N2-imidazole (184 mM): 856, 15N-benzylamine (125 mM): 
146, 15N-nicotinamide (59 mM): 24, and 15N-pyridine (53 mM): 20. 
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SNRs must be scaled down by ρȾЍὔ ρȾυȢσ to be compared to the SNR of single-shot 

spectra, as is conventionally reported in hyperpolarization literature. Again, no additional 

changes to the broadband X-SABRE pulse sequence were required to generate simultaneous 

hyperpolarization of multiple targets at high field. Collecting these 28 hyperpolarized spectra 

to generate the spectrum in Fig. 39D requires 14 minutes of acquisition time, which is orders 

of magnitude faster than collecting a comparable spectrum using thermal polarization. 

 It is worth noting that phase-coherent pulse sequences may also be designed to extract 

spin order from the ὍὍ ὍὍ  terms of the singlet that is preserved in symmetric ligand 

environments (Fig. 40). Under these conditions, the required form of the ὐ  couplings are 

ὍὛ and ὍὛ, which are pseudosecular couplings where one of the two spins is quantized 

along the leading field and the other is quantized in an orthogonal direction. These J-couplings 

will excite the coherence pathway according to: 

” ὸ ὭὍὍ ὍὍȟς“ὐ ὍὛ ὸ 

” ὸ ὍὍὛ ὍὍὛ ς“ὐ ὸ 

τȢσυ 

 Note that the ὍὍ  term may be neglected as it commutes with these pseudosecular ὐ  

couplings. The second derivative is accessed by evolving under the ὐ  coupling: 

” ὸ ὭὍὍὛ ὍὍὛȟς“ὐ ὍϽὍ
ς“ὐ ὸ

ς
 

” ὸ ὍὛ ὍὛ “ὐ ὐ ὸ  

τȢσφ 

 Finally, this spin order is converted into magnetization by evolution under a phase-shifted 

form of the pseudosecular ὐ  coupling used to initiate excitation: 



123 
 

” ὸ ὭὍὛ ὍὛȟς“ὐ ὍὛ
“ὐ ὐ ὸ

σ
 

” ὸ
ρ

τ
Ὓ ὍὍὛ

ς“ὐ ὐ ὸ

σ
 

τȢσχ 

For simplicity, we have treated the AAõX spin system case, and hyperpolarization flows 

similarly in the AAõXXõ case. Note that the sign of the second pseudosecular ὐ  coupling 

was chosen to be negative in this case, which may be changed by choice of pulse phase. 

Figure 40: Broadband hyperpolarization in symmetric ligand environments.  A. Pseudosecular 
ὐ  couplings may be generated in the toggling-frame average Hamiltonian to extract 

hyperpolarization from the ὍὍ ὍὍ  terms of the singlet. B.  Hyperpolarization is observed 

on 15N-pyridine over a 3.65 kHz region when using ‫ ςȢυȾυ ὯὌᾀ pulses. The pulse sequence 
parameters were † υȢρ άί and † πȢρ άί, and ὸ τππ άί delays were used between 
application of the sequence. The maximum enhancement observed in this case was ‐ ρφτ at 
8.45T. Sample composition was 15N-pyridine (75 mM) and [IrIMes(COD)]Cl (3.3 mM). 
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 We have demonstrated the ability to expand the scope of high-field X-SABRE 

experiments to include both asymmetric as well as the original symmetric ligand environments. 

Furthermore, we showed that efficient pulse-sequence design permits broadband, phase-

coherent hyperpolarization of single targets as well as multicomponent systems. By extracting 

hyperpolarization from the ὍὍ  term of the singlet, we avoid needing to spin-lock the 

parahydrogen in the initial state during the exchange delay and reduce power dissipation. 

 

4.4 Optimizing X-SABRE hyperpolarization at high field 

The previous sections of this chapter introduced new methods for broadening the scope of 

X-SABRE at high magnetic field and demonstrated robust agreement between simulation and 

theory. Due to exchange and related effects, is nearly impossible to report a certain set of pulse 

sequence parameters that will generate large hyperpolarization across the substrate scope. 

While this space would be impossible to search experimentally, it is entirely feasible to explore 

the X-SABRE parameter space computationally. Herein, we will present illustrative examples 

on optimizing high-field X-SABRE experiments that could be used as a more general 

optimization strategy. 

 There are a few characteristics that are critical to understand when simulating X-

SABRE systems, as they will vastly alter how optimization should be pursued. To exemplify 

these characteristics, we have simulated the hyperpolarization dynamics of a model (4+1)X 

system under the coherently pumped LIGHT-SABRE experiment (Fig. 41A). Perhaps the 

most critical point to note is that the hyperpolarization dynamics under a single pulse do not 

predict the sequence-level behavior of the experiment (Fig. 41B). Simply changing the ligand 
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exchange rate dramatically affects the performance of the experiment. For Ὧ ρφ ί , 

multiple applications of the pulse sequence lead to an accumulation of hyperpolarization on 

Figure 41: Optimizing high-field X-SABRE hyperpolarization. A. Calculations were performed on 
a model (4+1)X system using the pumped LIGHT-SABRE pulse sequence, and all simulations used 
the parameters ὸ ςυ άί, ὸ φππ άί, ‫ȟ σς Ὄᾀ, ῳ‫ ςπ Ὄᾀ and ὍὶȾὛ ρȾςπ. 

B. Hyperpolarization generated during the same pumped LIGHT-SABRE experiment for two 

different exchange rates using an initial state proportional to ὍϽὍ. In the case of slower 
exchange, hyperpolarization may be catalytically generated under the pulse sequence, leading to 
an accumulation of hyperpolarization in solution. For the fast exchange rate, only the first pulse 
effectively generates hyperpolarization and each subsequent pulse simply maintains this 
polarization, although a small loss is observed. C. The final hyperpolarization that is measured at 
the end of an experiment is invariant to the initial condition used, so long as all other parameters 

remain constant. For instance, changing the initial state from ὍϽὍ (blue) to ὍὍ  (purple) leads 
to a dramatic change in the time evolution but results in the same polarization. Similarly, using an 
initial state that would result after a separate LIGHT-SABRE experiment that used ὸ ρπ ms still 

leads to the same final polarization. 
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the free species, generating the characteristic exponential ôbuild-upõ curve associated with 

SABRE experiments. Increasing the exchange rate to Ὧ υπ ί  dramatically alters the 

pulse sequence efficiency, as this corresponds to an average lifetime that is approximately half 

the ὸ ςυ άί pulse used to excite the hyperpolarization. At this exchange rate, only the first 

pulse effectively generates hyperpolarization, and the subsequent train of pulses simply 

maintains this hyperpolarization with a small loss. Even though the resulting hyperpolarization 

is ὖͯ ρϷ for this case, the sequence-level dynamics highlight that the efficiency of this pulse 

sequence is dramatically worse for more rapidly exchanging ligands. 

 The other important characteristic to note when optimizing X-SABRE experiments is 

that the final polarization is completely invariant to the initial conditions of the experiment, 

so long as the pulse train is applied for long enough as to permit the asymptotic convergence 

of hyperpolarization (Fig. 41C). Starting the system from the parahydrogen singlet state, 

proportional to ὍϽὍ (noting this is identical to the simulation shown in Fig. 41B) permits 

large generation of hyperpolarization under the first pulse with a small loss of polarization 

during the rest of the pulse train. As discussed previously in Fig. 31, this inefficiency during 

the rest of the pulse sequence is an artifact of the initial singlet state not commuting with the 

Hamiltonian, leading to an ultimate loss of phase coherence of the transverse terms of the 

singlet (ὍὍ ὍὍ ). Starting the system from the time-averaged initial state, which is 

simply proportional to ὍὍ  spin order, generates vastly different sequence-level 

hyperpolarization dynamics but converges to the same final hyperpolarization. Testing the 

invariance to the initial condition may be exacerbated by starting the simulation with an initial 

condition that has some hyperpolarization on the free-species (ὖὛ), such as if two different 

hyperpolarization experiments were carried out sequentially, which is how the initial state was 
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set in this example. Even when there is a hyperpolarized target that binds the complex at the 

beginning of the experiment, the final hyperpolarization converges to the same as if the system 

had been initialized with purely singlet spin order. The invariance of the final hyperpolarization 

to the initial condition is a result of a finite memory that the system retains over the course of 

the experiment and highlights an important limitation to optimization. As such, this should be 

considered when developing optimization schemes that optimize sequence-level 

hyperpolarization. 

  The most robust method by which a ﬞ-parameter phase-space may be optimized is 

to index the space on a ﬞ-dimensional grid and calculate the hyperpolarization obtained for 

each of the positions on the grid. This is shown for a ɝ‫ ȟὸ  slice of the phase space in the 

case of the coherently-pumped LIGHT-SABRE experiment (Fig. 42A). Importantly, the grid 

optimization must be calculated at the specific exchange rates that are used in the simulations, 

as the parameter-space will optimize at different conditions as a function of the exchange rates. 

A pulse sequence such as the coherently pumped LIGHT-SABRE experiment depends 

parametrically on ὸȟὸȟ‫ȟȟ and ɝ‫  for any one set of exchange parameters, of which 

there are ὯȟὯȟ and ὍὶȾὛ. As such, this parameter space is ﬞ χ dimensional for any 

given system. The ὍὶȾὛ is set experimentally and the exchange rates are intrinsic to the 

system at a given temperature, so it is often advantageous to optimize the pulse sequence 

parameter dimensions for a subset of exchange parameters. Even still, this only reduces the 

grid dimensionality to ﬞ τ. For instance, in just the two-dimensional slice of the parameter 

space shown in Fig. 42A contains 1,300 simulations and requires approximately 30 minutes of 

computational time to calculate on a minimal (4+1)X spin system. Instead of calculating the 
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entire space by brute force, large regions of the space may be neglected by randomly sampling 

the space at a fractional rate, which was done at a 10% sampling rate as an example (Fig. 42B). 

Subsequently optimizing around local maxima with a narrower grid can yield the optimum 

sequence parameters but at a greatly reduced computational expense. Depending on the 

experiment and the number of parameters being co-optimized, additional iterations of 

Figure 42: Projections of pulse sequence phase-spaces for pumped LIGHT-SABRE.  A. Optimizing 
the ῳ‫ ȟὸ  phase-space by explicitly calculating a grid varying the parameters will find the 

optimal conditions to generate hyperpolarization so long as the grid is permitted to span a space 
that contains the optimal condition. For each plot, the solid lines indicate the position of the 
maximum for that exchange rate, and the dashed lines indicate that position of the maximum for 
the other rate. However, this method becomes computationally expensive when three or more 
parameters are co-optimized. B. A 10% random sampling of the grid before exhaustive 
optimization can eliminate large regions of the phase space. The maxima may be found by grid-
optimizing around regions of interest. This circumvents having to exhaustively search the entire 
parameter phase-space. All simulations use a (4+1)X model. 
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randomly sampling areas of the phase space closer to the local maxima can reduce 

computational time. It should be noted that with an approximately 3-fold decrease in the 

average lifetime that the maximum polarization decreases by a factor of approximately 4. 

 In addition to initially down-sampling the pulse sequence parameter phase-space, 

other parameters such as the hydride exchange rate Ὧ  very weakly affect the pulse sequence 

optimization other than scaling the resulting hyperpolarization (Fig. 43). Increasing the 

exchange rate by a factor of four only results in a ɝὸ ς άί change in the optimum pulse 

length and no additional change in the optimal pulse power. The one parameter that the Ὧ  

directly affects is the ὸ parameter (Fig. 31), but very weakly after ὸḻὯ . As such, it is 

often acceptable to fix the value of Ὧ  in the initial optimization of pulse sequence parameters 

and then sample this rate as the optimization enters final stages of optimization, which we 

refer to as the fine-graining stage. It should be noted that in the traditional ôbubblingõ SABRE 

setup, this parameter is highly coupled to the bubbling rate of the system, which is often 

controlled qualitatively by use of a needle valve, as well as the diffusion of parahydrogen in 

Figure 43: Parameter elimination during optimization. Certain parameters, such as Ὧ  which 
does not vary greatly for most SABRE experiments, often have a weak dependence on the 
optimization other than resulting in a scaling factor. As such, these parameters may often be 
neglected when initially optimizing pulse sequence parameters. 
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the solution. As such, this parameter is perhaps the most difficult to experimentally control, 

so fine-grain optimization of the Ὧ  is often not required. 

 In addition to optimizing how singlet order is converted into magnetization, it is also 

important to consider the mechanisms for how the singlet order is being preserved when spin 

order is not being transferred (Fig. 44). Previously, we noted that evolution under the ὐ  and 

Figure 44: Effects of spin order conservation on sequence optimization. A. The exchange delay 

of the pumped LIGHT-SABRE sequence allows conversion of ὍϽὍᴼὍὍ , whereas B. the SLIC-

SABRE experiment converts the ὍὍ ᴼὍὍ  spin order and C. a 1H decoupled LIGHT-SABRE 

variant preserves ὍϽὍ by decoupling ὐ . D. For a constant set of pulse parameters (ὸ υπ άί, 

‫ȟ ψ Ὄᾀ, and ῳ‫ ςπ Ὄᾀ), optimization of each of these sequences and resulting 

performance is vastly different depending on the method by which spin order is preserved. 
Vertical lines indicate positions of the maximum hyperpolarized signal. For all simulations, Ὧ
υπ ί , Ὧ ς ί , and ὍὶȾὛ ρȾςπ. 
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ὐ  couplings essentially reduce the parahydrogen spin order from ὍϽὍᴼὍὍ , and 

proposed that 1H decoupling by simply irradiating the Ὅ-spins could preserve the transverse 

terms of the singlet. Knecht and coworkers introduced the SLIC-SABRE (SLIC = Spin Lock 

Induced Crossing) method that appends a “Ⱦς pulse on the 1H nuclei that converts ὍὍ ᴼ

ὍὍ  (if an ὼӶ-phase pulse is used), which can be converted into hyperpolarized Ὓ spin order  

under a subsequent SLIC pulse120. Even when all the parameters of the spin-order transferring 

pulse are kept constant, the dependence of hyperpolarization on other parameters that should 

be consistent between different experiments, such as the inter-pulse delay time ὸ, dramatically 

changes when compared to the original LIGHT-SABRE experiment. In the case of LIGHT-

SABRE, the optimal hyperpolarization is achieved when no delay is used, as in that case it is 

more advantageous to continually hyperpolarize the system, which essentially does not permit 

the loss of spin order by continually using it as parahydrogen exchanges with the catalyst. In 

this limit, coherently pumping the system reduces the ultimate hyperpolarization, but 

continually irradiating the matching condition is entirely possible as the power-dissipation of 

the LIGHT-SABRE experiment is minimal (microwatts). However, the SLIC-SABRE 

experiment can generate comparable hyperpolarization by adding a ωπӶ pulse on the 1H 

channel and optimizes at a condition consistent with a coherently-pumped experiment (ὸḻ

Ὧ ). Finally, decoupling the ὐ  by irradiating at a power of ‫ȟ τὐ ρππ Ὄᾀ during 

the exchange delay preserves ὍϽὍ   spin order and leads to the largest generation of 

hyperpolarization for the three experiments. Furthermore, this experiment also optimizes in a 

coherent pumping regime. The fine structure observed in these simulations is a direct result 

of the irradiation on the 1H channel.  
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 While the model (4+1)X system is representative of the 15N-pyridine system that was 

used to develop and benchmark many of the high field X-SABRE experiments to date, there 

are only a few X-SABRE systems that readily hyperpolarize without a coligand. As such, it is 

much more pertinent to discuss optimization using a high field (3+1)Y ABX spin system. For 

comparisons sake, we will begin with a system that use the chemical shift difference between 

the two hydrides ɝ‫ τφπ Ὄᾀ, which is the experimental value in a 15N-acetonitrile/14N-

pyridine system at 8.45T, and utilizes the same couplings as the (4+1)X system we have been 

using, ὐ ω Ὄᾀ and ὐ ςυ Ὄᾀ. These couplings are nearly the same for the 15N-

pyridine and 15N-acetonitrile X-SABRE systems. We will examine the 1H decoupled LIGHT-

SABRE (Fig. 33) experiment as an example for a direct  analogy to the previous discussion 

(Fig. 45). At a pulse power of ‫ȟ ψ Ὄᾀ and resonance offset of ɝ‫ ςπ Ὄᾀ, the pulse 

(ὸ) and exchange delay (ὸ) length optimize to approximately ὸ ὸ τπ άί, which is 

preserved when Ὧ ρφ ί  is increased to Ὧ υπ ί . Interestingly, there is a structure 

at ὸ ὸ σφ άί that likely results from an accumulating pulse effect because this feature 

Figure 45: Pulse and exchange delay optimization of 1H dLIGHT in an ABX system. The pulse and 
exchange delay lengths co-optimize to approximately the same length of ὸ ὸ τπ άί. In this 

regime, many pulses are coupled together over the lifetime of a single parahydrogen, suggesting 
a low conversion efficiency per pulse. Crosshairs indicate position of the maximum. Color bars 
indicate percent polarization (P%). 
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is disproportionatley smaller for Ὧ υπ ί , where a given complex is exposed to fewer 

pulses. As 1H decoupling is used for the entire duration of the pulse sequence, there are no 

pulse artifacts that appear in the ὸȟὸ  phase space. Comparing these two exchange rates 

used in Fig. 45 is interesting, as it highlights that hyperpolarization decreases by a factor of 

approximately 10 with an approximately 3-fold decrease in the average lifetime. Importantly, 

while most of the ὸȟὸ  phase space is unstructured, fine details will emerge when these 

sequence parameters are on the order of the couplings and pulse powers (Fig. 46). As such, it 

is often advantageous to increase the sampling rate of the simulations in this regime. 

 In general, we find two modes in which LIGHT-SABRE variants optimize (Fig. 47). 

When the exchange rate is slow enough to permit a “-pulse in the hyperpolarization dynamics 

(a maximum polarization), then the dynamics can optimize in a regime where the system is 

coherently pulsed. In the coherently pumped limit, we find an optimum at a pulse length of 

ὸ τπ άί and ɝ‫ ςπ Ὄᾀ. However, as the exchange rate increases such that the 

average lifetime of the complex is less than the “-pulse length, the solution will tend to 

Figure 46: Structured features in the ◄▬ȟ◄▀  space. When the pulse and exchange delay lengths 

are on the order of the dominant couplings and pulse sequence powers, which often appear when 
ὸ ὸ ρππ άί for typical experiments, fine structures appear that should be sampled at an 

increased frequency. Other regions of phase space are significantly less structured, and as such 
do not require such fine sampling. Color bars indicate percent polarization (P%). 
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optimize to a regime where the irradiation may be applied continuously. In the continuously 

pumped limit, the ɝ‫  also decreases so to avoid generating unnecessary phase rotation under 

this term. Similar effects are observed when exploring the ‫ȟȟὸ  phase space (Fig. 47B). 

This shifting to a continuously pumped limit suggests that the 1H dLIGHT pulse sequence is 

inefficient when the exchange rate increases, as evidenced by the large decrease in the 

hyperpolarization. 

Figure 47: Two optimization modes of LIGHT-SABRE sequences at ◄▀  □▼. When the Ὧ  is 
slow relative to the coherent evolution, the pulse sequence optimizes to a coherent pumping 

regime. In this regime, the ῳ‫ ȟὸ  phase space becomes highly structured and deviates from a 

simple nutation pattern as seen at longer delay lengths. As the ligand exchange rate increases, 
structure is lost and the solution optimizes to a pseudo-continuous regime where the pulse length 
is much longer than the average lifetime. Color bars indicate percent polarization (P%). 
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 With the above points in mind, we may now pursue optimization of the experimental 

phase space. We shall use the 1H dLIGHT sequence as an example, establishing ‫ȟ

ρȢφ ὯὌᾀ for ɝ‫ τφπ Ὄᾀ and if 1H excitation is on resonance (ɝ‫ π). Furthermore, 

we will perform optimization assuming a fixed Ὧ ς ί  and shall explore optimization for 

the two exchange rates that we have previously used, Ὧ ρφ ί  and Ὧ υπ ί . Under 

these conditions, there are 4 optimizable parameters (‫ȟȟɝ‫ ȟὸȟὸ), and given the various 

examples listed above, this phase space may be indexed on a grid consisting of the ranges 

‫ȟ ɝ‫ ρȟρυȟɝρὌᾀ, and ὸȟὸ ςȟρππȟɝςȟρρπȟυππȟɝρπ. In the 

notation ὥȟὦȟɝὧ, the range extends from ὥ to ὦ in steps of ɝὧ, and ȟ joins two of these 

ranges together. This results in a grid with 1,822,500 data points, which would require 67 days 

to fully calculate on the computer that was used to run these simulations (Intel i5-10400 CPU 

12 core @ 4.0 GHz, 12 GB RAM).  Loaiza and Warren138 reported on a computational method 

for pulse shaping that follows a so-called evolutionary strategy139, whereby a large-dimensional 

grid is sparsely sampled and the top 5% of simulations that minimize a cost function are then 

used as starting points for subsequent generations  (Fig. 48). Each subsequent generation takes 

the starting point and perturbs the parameters in each optimization dimension. This strategy 

may be iterated multiple times to find optimal pulse sequence solutions, and the size of the 

perturbation may be adjusted to focus on specific regions of phase space. After three 

generations, the resulting hyperpolarization from the 1H dLIGHT pulse sequence was 

increased by approximately 50% for both the cases of Ὧ ρφ ί  and Ὧ υπ ί .  

Interestingly, both cases optimized to conditions where the 15N-channel was essentially 

continuously irradiating the bound species. Furthermore, the optimum solutions indicate that 
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the initial buildup rate does not necessarily yield the largest hyperpolarization (Fig. 48B). While 

this is the case for Ὧ ρφ ί , the optimum solution for the case of Ὧ υπ ί  generates 

hyperpolarization more slowly than the grid optimized solution, but ultimately yields larger 

signal. This stresses the importance of optimizing the solution using simulations that permit 

the convergence of the hyperpolarization. 

An interesting feature of this optimization is that level anti-crossing (LAC) condition 

ɝ‫ ‫ȟ ὐ  does not actually predict where the optimum hyperpolarization is 

achieved when exchange is considered (Fig. 49). At slow exchange rates, the requisite pulse 

Figure 48: Evolutionary strategy for high-field X-SABRE optimization. A. The polarization 
resulting from the evolutionary strategy (ES) relative to the grid optimization results shown 
previously in this section show that the resulting hyperpolarization may be increased by 
approximately 50% in just three generations of the evolutionary strategy. Final polarizations 
indicated above bars. B. The rate at which polarization is pumped is not necessarily correlated 
with the final polarization. For Ὧ ρφ ί , the higher pumping rate is accompanied by a larger 
polarization, whereas for Ὧ υπ ί  the higher polarization results from a lower pumping rate. 
This emphasizes the need to run the simulation for long enough that the polarization converges. 
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power is approximately half of what is required to generate hyperpolarization while the 

resonance offset optimizes at approximately ɝ‫ ὐ . For fast exchange, the resonance 

offset is approximately double the expected value and ‫ȟ ὐ . While the LAC condition 

is useful to gain an intuition of the regimes where hyperpolarization will be generated, it is 

insufficient in predicting the optimum hyperpolarization. 

While pen-and-paper theory can provide insight on the development of new X-

SABRE experiments, optimization of hyperpolarization should be done through use of the 

DMExFR2 simulations. We have shown illustrative examples of optimizing the high-field X-

SABRE signal that can be extended to exploring optimization with other high-field 

experiments as well as to next-generation ultralow field experiments. Grid optimization is 

perhaps the most accurate method for optimization, but it exponentially scales with the 

number of pulse sequence parameters. Evolutionary strategy in conjunction with grid 

optimization accelerates the process and is a robust method to finding the global optimum. 

Computational optimization of X-SABRE experiments motivated by pencil-and-paper theory 

is a key step in considering the effects of exchange when designing new experiments.  

Figure 49: Optimum hyperpolarization after continuous irradiation for 20s. For both slow and 
fast ligand exchange, hyperpolarization in a 1H dLIGHT experiment is optimized (solid lines) at 
conditions that are far from the LAC condition (dashed lines). In these simulations, Ὧ ς ί . 
Color bars indicate percent polarization (P%). 
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4.5 Outlook and conclusions 

There are a few interesting extensions of this work that will be interesting to explore. The first 

pertains to current efforts for increasing the polarization and scale of X-SABRE experiments, 

which will be critical for preclinical and clinical applications. As mentioned previously, perhaps 

the most difficult parameter to control is the parahydrogen replenishment rate, Ὧ , as 

conventional X-SABRE systems use a setup where p-H2 gas is continuously bubbled through 

the sample. This constrains the amount of parahydrogen that may be dissolved into solution. 

The concentration limits may be circumvented by either increasing the pressure of 

parahydrogen in a conventional solution or generating a supercritical state with CO2 or Xe gas 

where the molar fraction of p-H2 can be as high as 20%. However, such a system would have 

a fixed amount of the parahydrogen singlet state that would not be replenished by bubbling 

(Fig. 50). One of the significant hurdles associated with such an experimental geometry is that 

at the lab field (ρππ‘Ὕ ςππ‘Ὕ), the transverse terms of the singlet (ὍὍ ὍὍ ) are 

Figure 50: Spin order while loading a supercritical X-SABRE sample. It requires approximately 5 
minutes to pump the high-pressure NMR tube to 160 bar for a supercritical CO2 or Xe experiment. 
During this time, the catalyst facilitates the destruction of the transverse terms of the singlet order 

(blue), rapidly leading to an attenuation of the singlet. However, the ὍὍ  term of the singlet is 
largely preserved during this time, and can be used in lieu of the transverse terms in the 
broadband X-SABRE experiment. 
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not preserved due to evolution under the ὐ  coupling. The ὍὍ  term is preserved at this 

field and is available to use for expeirmentation even after the 5 minutes required to pressurize 

this system. Importantly, the system only retains approximately 10% of the initial transverse 

spin order over this period. We may target hyperpolarization with the broadband X-SABRE 

experiment on this sample. Experiments may be applied sequentially without having to reload 

new samples as only a small amount of this spin order is converted into magnetization with 

each pulse sequence.  

 Consecutive broadband X-SABRE experiments may be easily simulated using the 

DMExFR2 to computationally interrogate the potential for this application. We find that it is 

possible to generate generate hyperpolarization using consectuve broadband X-SABRE 

experiments (Fig. 51A), and shows good agreement to the single-shot variant of this 

expeirment. Here, we show a scan of the † delay using † ςρ άί using ɝ† πȢςυ άί 

step sizes, where the multiplexed curve is calculated by consecutively increasing the † delay 

and the single shot curve coincides with separate simulations that all share the same initial 

state.  Even at the maximum spin-order consuption of this expeirment, which coincides with 

the conditions yielding the largest signal, the resultant hyperpolarization only decreases from 

ὖ τϷ to ὖ ρϷ after ﬞ τπ experiments have been repeated.  

 Importantly, this effect will be strongly dependent on the exchange rate of the 

parahydrogen with the catalyst as well as the concentrations of the relevant species. Keeping 

ὍὶȾὴὌ ρȾυππ, we may calculate ὍὍ  after 5 minutes at the lab field while varying 

the hydride exchange rate (Fig. 52). In all of these simulations, we have assumed a free 

parahydrogen Ὕȟ ςπ ί and Ὕȟ σφππ ί, and bound parahydrogen Ὕȟ υ ί and that 

relaxation of the singlet state on the bound species negligible. When bound to the catalyst, the 
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singlet spin order is unlocked into spin order that relaxes more rapidly to equilibrium. Hence, 

there is a strong dependence on the hydride exchange rate on the preservation of the ὍὍ  

spin order during the 5 minutes of loading time. While conventional X-SABRE experiments 

usually exhibit polarization levels consistent Ὧ ρ φ ί , these experiments are inherently 

diffusion limited. In a supercritical expeirment, where the parahydrogen is much larger than 

in a conventional experiment, we expect Ὧ  to increase. Spin order can be preserved by simply 

cooling the system while being pressurized, thus decreasing the hydride exchange rate. 

Figure 51: Multiplexed X-SABRE. A. Running a high-pressure SABRE experiment in multiplexed 
mode (blue) differs only slightly from the single-shot version of this experiment (red). 
ὍὶȾὴὌ ρȾυππ and ὍὶȾὛ ρȾςπ in a model (3+1)Y system using Ὧ ς ί . B. A 

broadband X-SABRE experiment using † σ άί may be run in multiplexed mode as a test of the 
longevity of the signal. This delay maximizes the signal, and subsequently maximizes consumption 
of spin order. Even after 40 experiments, the hyperpolarization is greater than ὖ ρϷ, making 
this a promising technique for parameter identification for the high pressure and supercritical 
SABRE experiments. 



141 
 

 Another extension of the work presented here is the ability to hyperpolarize rapdily 

exchanging targets. Of the various techniques introduced here, hyperpolarization in the 

broadband X-SABRE experiment scales the fastest at ὸ. Decreasing the overall sequence 

length (Ὕ ψ† † ρπὸ) permits access to faster exchange rates (Fig. 53), with 

enhancements of ‐ ρπ at exchange rates as fast as Ὧ υππ ί . Hyperpolarization at 

such fast exchange rates will be critical in expanding the applications of X-SABRE to a broader 

substrate scope as well as to improve compatibility with the supercritical X-SABRE 

experiments, which often have to be run at elevated temperatures. In comparison, 

hyperpolarization in the 1H dLIGHT experiment scales as ὸ, meaning that performance is 

attenuated at fast exchange rates. However, the two experiments do perform comparably when 

the exchange rate is in the regime of υπ ί Ὧ ρυπ ί . All of the simulations in Fig. 

53 have assumed hydride exchange rates of Ὧ ς ί . 

  Here, we have extended the scope of high field X-SABRE to be comparable to that 

of the widely used SABRE-SHEATH method. We demonstrated the ability to coherently 

drive the X-SABRE level anti-crossing condition, which permitted us to experimentally 

Figure 52: Spin order preservation after 5 minutes at the lab field. For all simulations, 
ὍὶȾὴὌ ρȾυππ and ὍὶȾὛ ρȾςπ in a model (3+1)Y system using Ὧ ρππ ί . The 

fraction of preserved spin order is strongly dependent on the hydride exchange rate, decreasing 
with an increase in the exchange rate. This effect is largely independent of the ligand exchange 
rate. 
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ground the DMExFR2 model under high field conditions. Using this model, we then sought 

to expand the scope of high field X-SABRE by targeting asymmetric ligand environments for 

hyperpolarization, which form the vast majority of X-SABRE systems. The 1H decoupled 

LIGHT-SABRE variants spin lock the transverse components of the singlet state using strong 

irradiation at the center-frequency of the parahydrogen-derived hydrides. In silico exploration 

of this system facilitated the development of the broadband X-SABRE experiment, which 

expanded the capabilities and bandwidth of high-field X-SABRE experiments. This permitted 

the first demonstration of simultaneous hyperpolarization of multiple targets at high field. 

Finally, we showed illustrative examples to describe optimization procedures that would 

permit robust optimization of X-SABRE pulse sequences. 

Figure 53: Broadband X-SABRE and 1H dLIGHT in the fast exchange limit. Top. Decreasing the 
total length of the broadband X-SABRE pulse sequence (Ὕ ψ† † ρπὸ) makes the 

sequence less sensitive to the exchange rate. Bottom. Compared to the 1H dLIGHT experiment, 
the broadband X-SABRE experiment exhibits superior performance at fast exchange rates and 
similar performance at slow exchange rates. For the 1H dLIGHT simulations, ‫ȟ ρȢφ ὯὌᾀ and 
irradiation was continuously applied for 20 s. All simulations were run on a truncated (3+1)Y 
system using the 15N-acetonitrile parameters at 8.45T. 
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Chapter 5: Expanding the capabilities of 
X-SABRE at ultralow field 

While the developments of high field X-SABRE are supported by decades of experimental 

and theoretical techniques, it was only recently that spin physics at ultralow magnetic fields 

became interesting and accessible89, 140-142. Relative to experiments at high magnetic field, 

ultralow magnetic fields are simple to generate with nearly arbitrary control over the amplitude 

and waveform in any direction. This provides an enormous amount of experimental flexibility 

and broadens the opportunities to control the underlying spin dynamics. The ultralow field X-

SABRE experiment SABRE-SHEATH utilizes static microTesla magnetic fields to generate 

the necessary matching conditions to transfer hyperpolarization to heteronuclei. Much of the 

work in this chapter was done in collaboration with Christian Tanner and Clark Eriksson, who 

worked in the Warren lab as undergraduate researchers, and followed from the pioneering 

coherently pumped ultralow field X-SABRE experiments performed by Shannon Eriksson 

and Xiaoqing Li. Herein, we will explore various routes to expanding the capabilities of 

ultralow field X-SABRE by shaping the magnetic field in various ways.  

 It is beneficial to review the underlying mechanism for SABRE-SHEATH, as this will 

inform the following discussion. At ultralow magnetic field, the chemical shift Hamiltonian 

becomes negligible and frequency differences are controlled directly by the Zeeman 

interaction. Many of the following results will be discussed using a model  (3+1)Y 15N -SABRE 

system, which at ultralow field has the Hamiltonian: 
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꞊ ‫ Ὅ Ὅ ‫ Ὓ ς“ὐ ὍϽὍ ὐ ὍϽὛ υȢρ 

This Hamiltonian contains two orthogonal σ σ subspaces that dictate hyperpolarization and 

two disconnected eigen states proportional to unity. We will focus on one of the orthogonal 

hyperpolarization-active subspaces for this discussion, which in the ṧᴚ basis set (singlet-

triplet on the hydrides, Zeeman on the heteronucleus) is given by (all constants in rad s-1): 
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This Hamiltonian suggest hyperpolarization is transferred from ȿὛ‌ἃ to ȿὝ‍ἃ when the 

matching condition ‫ ‫ ὐ Ⱦτ ὐ  is met. Converting the frequency difference 

into a magnetic field via ‫ ‫ ‎ ‎ ὄ yields a matching condition given by  

ὄ ὐ Ⱦτ ὐ πȢπτ‘Ὕ. These magnetic fields are a small fraction of the Earthõs 

magnetic field (ὄ υπ ‘Ὕ in North Carolina), but in practice for most magnetic 

resonance labs, it is the stray fields of nearby superconducting magnets that must be removed, 

which are often larger than the Earthõs magnetic field. This may be accomplished by using a 

‘-metal shield, which is a ferromagnetic alloy with a high magnetic permeability that when 

saturated acts as a magnetic waveguide and can reduce the external magnetic field by a factor 

of approximately ρȾρπππ. The internal magnetic field may be tuned using a solenoid 

electromagnet, which depending on the configuration and current can generate extremely 

homogeneous magnetic fields. 
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 Experimentally, it is common practice to scan the field produced by the solenoid to 

generate a SABRE-SHEATH profile (Fig. 54). The field profile gives the field that maximizes 

the hyperpolarization, which is often near ὄ ρ ‘Ὕ, as well as the residual field of the 

magnetic shield. Importantly, this magnetic field is about an order or magnitude larger than 

the field predicted by the level anti-crossing condition. The LAC predicts the magnetic field 

as if the couplings to the ȿὝ‌ἃ state do not exist, and approximates this three-level system 

as a two-level system. Hence, the actual magnetic field that optimizes hyperpolarization is 

much larger than the field predicted by the LAC condition. 

 As previously mentioned, the SABRE-SHEATH experiment has several distinct 

advantages over high field X-SABRE methods. Firstly, hyperpolarization can nearly always be 

achieved at ὄ ρ ‘Ὕ for any substrate, meaning that it was easy to rapidly assess a broad 

scope of X-SABRE targets without needing to reoptimize the experiment. Secondly, this 

experiment was used to demonstrate large heteronuclear polarizations in under a minute, 

orders of magnitude faster than dDNP. We showed that pumping the SABRE-SHEATH field 

between an evolution field (ὄ ρ ‘Ὕ) and a delay field (ὄ υπ ‘Ὕ) could unveil the 

coherent hyperpolarization dynamics at ultralow field, which spurred the work in the previous 

Figure 54: The SABRE-SHEATH experiment. A solenoid is placed inside a ‘-metal shield to 
generate controllable microTesla magnetic fields. Scanning the magnetic field in the microTesla 
regime yields the SABRE-SHEATH field profile. Similar to the profile in LIGHT-SABRE, this profile is 
anti-symmetric about the center frequency, which under these conditions is when ὄ π ‘Ὕ.  
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chapter at pumping the X-SABRE dynamics at high field89. Since then, there have been several 

avenues that have been pursued to further optimize the ultralow field X-SABRE experiment. 

Herein, some of these advances will be described and future directions will be discussed. 

 

5.1 Pumping heteronuclear singlets 

As mentioned previously, we demonstrated the possibility to coherently drive X-SABRE 

hyperpolarized magnetization89. While direct Ὓ magnetization was the original target spin state 

for this sequence, X-SABRE has also been shown to generate hyperpolarized singlet states 

(ὛϽὛ) between pairs of nuclei, such as 13C2 and 15N2 spin pairs. However, the existence of 

more exotic spin states such as singlets between heteronuclei (ὛϽὒ) had only been once 

reported between 1H and 13C143. Furthermore, control of population in and out of this state 

had yet to be coherently manipulated. Introducing another spin ὒ on the hyperpolarization 

target, and writing the Hamiltonian in a ṧ  basis set (singlet-triplet on the hydrides and 

the heteronuclear spin pair) gives a hyperpolarization active subspace (rad s-1) for the model 

15N,13C-acetonitrile system: 

꞊

ở

Ở
Ở
Ở
Ở
Ở
Ở
ờ

 ȿὝὝ ἃ ȿὝὝ ἃ ȿὝὛ ἃ ȿὛὝ ἃ

ἂὝὝ ȿ ‫ ɫὐ
ɝ‫

ς
ɝὐ ɫὐ

ἂὝὝ ȿ ɫὐ
ɫ‫

ς
ɝὐ ɫὐ

ἂὝὛ ȿ
ɝ‫

ς
ɝὐ ɝὐ ‫ ὐ ɝὐ

ἂὛὝ ȿ ɫὐ ɫὐ ɝὐ
ɫ‫

ς
ὐ Ợ

ỡ
ỡ
ỡ
ỡ
ỡ
ỡ
Ỡ

 υȢσ 

We have defined ɝ‫ ‫ ‫ , ɫ‫ ‫ ‫ , ɝὐ ὐ ὐ Ⱦτ, and 

ɫὐ ὐ ὐ Ⱦτ for brevity. Note that hyperpolarized spin order may be transferred 
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from Ὓ ᴾὛ  when ‫ ɫ‫ ὐ ὐ . At non-zero magnetic fields, the transitions 

out of the singlet state are amplified by ɝ‫ , but the ὛϽὒ singlet spin order is preserved at 

zero magnetic field (‫ ‫ ), as the Hamiltonian subspace simplifies to: 
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There is still a non-zero transition dipole moment between Ὓ ᴾὛ  spin orders, which 

permits evolution of the parahydrogen singlet into a singlet between the heteronuclei. At zero 

magnetic field, another Hamiltonian subspace equally pumps Ὕ  spin order simultaneously 

with this space pumping Ὕ , meaning that no magnetization is generated. Note that this 

Hamiltonian subspace has no experimentally tunable parameters.  

In an effort to extract the coherent hyperpolarization dynamics of heteronuclear 

singlet states, we experimentally showed that ὛϽὒ order could be coherently generated in a 

coherently pumped SABRE-SHEATH variant that utilizes a zero-field pulse of time ὸ 

interleaved with high magnetic fields (Fig. 55)140. In the previous coherently pumped SABRE-

SHEATH experiment, the pumped spin order (Ὓ) is an eigenstate of delay field ὄ , and thus 

it does not evolve during the inter-pulse delay. In this case, the ôdelayõ field halts coherent 

evolution out of the parahydrogen singlet state but also permits evolution of the transverse 

terms of the ὛϽὒ spin order according to 

ὛϽὒ ὸ Ὓὒ Ὓὒ ÃÏÓɝ‫ ὸ 

Ὓὒ Ὓὒ ÓÉÎɝ‫ ὸ Ὓὒ 

υȢυ 
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As the magnetic field in a SABRE-SHEATH can be very homogeneous, loss of phase 

coherence due to fluctuating ɝ‫  is less of a concern than it would be at high magnetic field. 

However, the combination of multiple applications of the zero-field pulse generating ὛϽὒ 

spin order and exchange with the catalyst causes the transverse terms of this singlet lose phase 

coherence, and the system only preserves longitudinal Ὓὒ spin order (Fig. 55). Even so, large 

signal enhancements were observed for (15N,1-13C)-acetonitrile (Fig. 56). As in the previous 

coherently pumped X-SABRE experiments, the oscillations arise from the coherent driving of 

Figure 55: Spin order preservation of heteronuclear singlet. While the longitudinal Ὓὒ terms 
are preserved at the delay field and may be coherently pumped, the transverse terms of the 

heteronuclear singlet (Ὓὒ Ὓὒ) lose phase coherence over the course of the experiment due 

to chemical exchange and do not accumulate hyperpolarized spin order.  

Figure 56: Coherently pumping heteronuclear singlets. A zero-field pulse is applied to the system 

to coherently drive production of ὛϽὒ spin order followed by a high field ὄ ςςȢυ ‘Ὕ that 
acts to halt coherent flow of hyperpolarized spin order. Repeating this sequence for an 
experiment time of 60 seconds permits the coherent hyperpolarization dynamics to be read out 
in the final signal as a function of ὸ. The DMExFR2 simulations (solid lines) were run on a (7+5)Y 

system parameterized on the (15N,1-13C)-acetonitrile parameters using Ὧ ςτ ί , Ὧ φ ί , 
and ὍὶȾὛ ρȾςπ. The experimental data was collected and analyzed by Christian Tanner. 
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the system. Furthermore, as the heteronulcear singlet is a two-spin order, it may be detected 

on both the 15N and 13C channels at high magnetic field. 

Conveniently, Ὓὒ spin order is an eigenstate of high magnetic field and is detectable 

in a conventional NMR spectrometer so long as ‫ ‫  or if there are inequivalent J-

couplings out of the spin pair. This spin order gives rise to anti-phase NMR peaks, which 

integrate to zero (Fig. 57). However, an asymmetric integration of the NMR spectrum yields 

signals proportional to the preserved Ὓὒ spin order of the heteronuclear singlet. This is 

different than a magnitude transform off the spectrum, which will take the modulus of ί‫  

and then integrate the signal. This ensures that noise, which is randomly distributed, does not 

contribute to the integration. Note that given the opposite gyromagnetic ratios of 15N and 13C 

that the signals are also oppositely signed. Furthermore, these operations are algebraically 

orthogonal, which means that they may be applied to the same NMR spectrum to quantify 

linear combinations of Ὓ and Ὓὒ in the final hyperpolarized signal. 

Figure 57: Data analysis for heteronuclear singlet spectra. The NMR spectrum of the 15N spin in 

(15N,13C)-acetonitrile is shown with polarized Ὓὒ spin order (blue) and Ὓ spin order (red). 
Dividing the spectrum into two regions, delineated by the spin state of the 13C nucleus, permits 
an easy interpretation of the spectrum in quantifying the expectation values of magnetization and 

Ὓὒ spin order. Symmetric integration (normal) will yield a signal proportional to the 
magnetization, as is conventional in magnetic resonance. Asymmetric integration yields the signal 

proportional to the Ὓὒ spin order created upon pumping the heteronulcear singlet. 
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 The (15N,1-13C)-acetonitrile system highlighted two interesting points of controlling 

the coherent hyperpolarization dynamics in X-SABRE. Firstly, while the hyperpolarization 

dynamics at zero magnetic field are relatively unstructured, the dynamics of this system 

become extremely structured and complicated at any non-zero field (Fig. 58). This is despite 

there only being 5 coupled spin-1/2 nuclei in the free-species, which correspond to the two 

target nuclei (15N, 13C), and the three 1H of the methyl group. Secondly, the Hamiltonian  

contains a variety of parameters that cannot be experimentally controlled, such as the form of 

the Hamiltonian at zero magnetic field (eq. 5.4). However, the ability to control the coherent 

degrees of freedom allows us to manipulate the system in ways similar to conventional NMR 

at high field. As such, the following sections will examine new methods in approaching 

ultralow field X-SABRE in an effort to govern the spin dynamics of these systems more finely. 

 

5.2 Ultralow field shaping for control of coherent X-SABRE dynamics 

The work done controlling the coherent hyperpolarization dynamics at ultralow magnetic 

fields89, 140 essentially introduced the ability to selectively generate evolution of the 

Figure 58: Coherent hyperpolarization dynamics in (15N,13C)-acetonitrile. The coherent 

hyperpolarization dynamics of the heteronuclear singlet ὛϽὒ at zero field are relatively 

unstructured. The 15N magnetization (Ὓ) dynamics at a non-zero field of ὄ ρȢφυ ‘Ὕ are 
much more structured and result in complex dynamics in the coherent SABRE-SHEATH 
experiment. The experimental data was collected and analyzed by Christian Tanner. 
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hyperpolarization by a specified ôflip angleõ, in analogy with conventional magnetic resonance. 

When hyperpolarization is maximized, one essentially permits a full phase-inversion between 

the initial (ὍϽὍ) and final (Ὓ or ὛϽὒ) states, corresponding to a “-pulse in the 

hyperpolarization dynamics. The ability to control the evolution of this inversion permits 

opportunities to translate techniques from conventional magnetic resonance to further control 

different aspects of the hyperpolarization dynamics. An interesting application to this problem 

is highlighted by the zero-field Hamiltonian shown in eq. 5.4, which contains no manipulatable 

parameters. The only method to control evolution in this Hamiltonian is to reintroduce a 

magnetic field to halt evolution between certain target states. 

 Conventional SABRE-SHEATH is performed using a static microTesla magnetic field 

of ὄ ρ ‘Ὕ. However, if the magnetic field is allowed to have both a static component ἂὄἃ 

and a time-varying component ὄὸ that is cyclic with a period Ὕ and is defined as having 

ἂὄὸἃ π, then the Hamiltonian of a minimal (3+1)Y AAõB 15N SABRE-SHEATH system 

becomes: 

꞊ ὸ ‎ ἂὄἃ ὄὸ Ὅ Ὅ ‎ ἂὄἃ ὄὸὛ 

ς“ὐ ὍϽὍ ὐ ὍϽὛ 

υȢφ 

We may rearrange this Hamiltonian such that the first term is proportional to the total spin 

angular momentum in the z-direction: 

꞊ ὸ ‎ ἂὄἃ ὄὸ Ὅ Ὅ Ὓ ‎ ‎ ἂὄἃ ὄὸὛ 

ς“ὐ ὍϽὍ ὐ ὍϽὛ 

υȢχ 
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The term Ὅ Ὅ Ὓ commutes with the rest of the Hamiltonian as well as the target state, 

Ὓ, and thus may be dropped for brevity in the following analysis. Defining ɝ‎ ‎ ‎  

gives the Hamiltonian: 

꞊ ὸ ɝ‎ ἂὄἃ ὄὸὛ ς“ὐ ὍϽὍ ὐ ὍϽὛ υȢψ 

Note that ὄὸ π returns the SABRE-SHEATH Hamiltonian in the form with the total z-

angular momentum dropped. To assess the dynamics of this time-dependent Hamiltonian, we 

will again employ average Hamiltonian theory. When the period Ὕ is much faster than any 

other term in the Hamiltonian at any time, only the lowest-order average Hamiltonian ꞊  

gives: 

꞊
ρ

Ὕ
Ὠὸ ꞊ ὸᴂ 

꞊ ɝ‎ ἂὄἃὛ ς“ὐ ὍϽὍ ὐ ὍϽὛ 

υȢω 

This Hamiltonian is identical to the SABRE-SHEATH Hamiltonian when the total z-angular 

momentum is dropped. Perhaps the simplest implementation of this is when ὄὸ is a square 

wave with an amplitude ὄ. For this condition, ὝḺ ɝ‎ ὄ  for the above assumptions to 

hold. While the effective magnetic field is simply ἂὄἃ, the instantaneous magnetic field for 

this case is ἂὄἃ ὄ. This is important as nuclear spin relaxation in the liquid state is 

determined by picosecond rotational dynamics, thus only the instantaneous magnetic field will 

dictate relaxation rates. Using this method permits experimental control over the relaxation 

rate of various nuclei, which can be important when attempting to maximize the 

hyperpolarized signal.  
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There is an experimental limit on how rapidly a square wave may be generated in an 

electromagnet that is coupled to the maximum magnitude of the magnetic field produced by 

the solenoid. For a solenoid of length Љ, area ὃ, number of turns of wire ὔ, resistance Ὑ, with 

a voltage across the solenoid ὠ, the magnetic field produced is approximately: 

ὄ
‘ὔὠ

ЉὙ
 υȢρπ 

Coupled to this magnetic field is the inductance of the coil: 

ὒ
‘ὔὃ

Љ
 υȢρρ 

The risetime of this coil is then proportional to: 

†
Ὑ

ὒ

ὙЉ

‘ὔὃ
 υȢρς 

While the magnetic field of the solenoid is linearly proportional to the number of loops of 

wire used to wrap the solenoid, the inductance is quadratically proportional to ὔ. As such, real 

coils have a finite risetime of the square wave. However, for †ḺὝḺ ɝ‎ ὄ , all the 

assumptions made to this point are adequate. Typically, there are several experimental factors 

Figure 59: Calibration of field and risetime of an electromagnet. Rising and falling edges of a 
bipolar square wave oscillating at 5 kHz (Ὕ ρππ ‘ί). For this magnet, † ρρ ‘ί by measuring 
the voltage-drop across a known resistor and ὄȾὍ φππ ‘ὝȾὃ. The magnetic field produced by 
this coil can be shaped on timescales much faster than ῳ‎ ὄ . 
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that arise when constructing an electromagnet, so many of these parameters are simply 

measured (Fig. 59). Even with the finite risetimes, it is entirely possible to build electromagnets 

that satisfy †ḺὝḺ ɝ‎ ὄ , meaning that the magnetic field may be shaped faster than 

the coherent dynamics of the system evolve. Naturally a square-wave is a composition of many 

different frequency components, and waveform distortion may be avoided by using a 

sinusoidal waveform with a single frequency component. 

 The idea of utilizing a shaped magnetic field was experimentally validated by 

comparing the hyperpolarization of 15N-pyridine using a SABRE-SHEATH field of ὄ

ρȢρ ‘Ὕ to a square-wave excitation of the hyperpolarization using ἂὄἃ ρȢρ ‘Ὕ, ὄ

ςπ ‘Ὕ, and a period of Ὕ ρσσ ‘ί (Fig. 60).  Under these conditions, ȿɝ‎ ὄ ȿ

ρπφφ ‘ί and the limit ὝḺ ɝ‎ ὄ  is satisfied. Under these conditions, there is negligible 

difference in the hyperpolarization signal between when the magnetic field is either 

Figure 60: Initial experiments using square-wave excitation of SABRE-SHEATH. Top. SABRE-
SHEATH hyperpolarization 15N-pyridine using ὄ ρȢρ ‘Ὕ for an experimental duration of 60 s.  
Bottom. Square-wave excitation of SABRE-SHEATH using ἂὄἃ ρȢρ ‘Ὕ, ὄ ςπ ‘Ὕ, and a 
square wave period of Ὕ ρσσ ‘ί (7.5 kHz). The signal obtained using this experiment is nearly 
identical to the signal obtained by SABRE-SHEATH. ὍὶȾὛ πȢρτ for these experiments. 
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instantaneously or on-average at the optimal field condition but varying the magnitude of the 

field can be varied to control the Ὕ of the system, and potentially increase polarization.  

 While the coherent hyperpolarization dynamics present for SABRE-SHEATH are 

preserved by using a rapid square-wave excitation, the dynamics become very interesting when 

the condition ὝḺ ɝ‎ ὄ   is not met. We will no longer restrict the period Ὕ, 

complicating the convergence of the average Hamiltonian. To circumvent having to calculate 

high-order terms in the Magnus expansion, we will use a toggling frame to accelerate the 

average Hamiltonian convergence. For flexibility, we will define 

ɝ‎ ὄὸḳɝ‫ ύὸȟ υȢρσ 

where ύὸ is generalized waveform that is periodic over Ὕ, is amplitude-normalized 

(maximum amplitude of one), and has a zero-average. We may additionally assume that the 

waveform is antisymmetric about ὝȾς, which will simplify the following analysis. This lets us 

define a toggling frame using the time-varying component of the magnetic field as the 

reference frame, which is defined by the transformation: 

꞊ ὸ ÅØÐὭɝ‫ Ὓ Ὠὸύὸ ꞊ÅØÐὭɝ‫ Ὓ Ὠὸύὸ  υȢρτ 

For brevity, we will introduce the notation 

ɡὸ ɝ‫ Ὠὸύὸ  υȢρυ 

As the time-varying flip angle of the toggling frame, which simplifies eq. 5.14 to: 

꞊ ὸ ÅØÐὭὛɡὸ ꞊ÅØÐὭὛɡὸ  υȢρφ 
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Remembering that formally, the rotating frame transformation is applied to the evolving 

density matrix, which at the end of a period Ὕ is given by: 

”Ὕ Ὡ ÅØÐὭ Ὠὸ꞊ ὸ ”ÅØÐὭ Ὠὸ꞊ ὸ Ὡ  υȢρχ 

Typically, we aim to design sequences and toggling frames such that 

Ὡ Ὁȟ υȢρψ 

to simplify analysis of the average Hamiltonian, but this does not necessarily need to be the 

case. The toggling frame Hamiltonian is then given explicitly by: 

꞊ ὸ ἂɝ‫ ἃὛ ς“ὐ ὍϽὍ ὐ ὍὛ  

꞊ ὸ ς“ὐ
ÃÏÓɡὸ ὍὛ ὍὛ

ÓÉÎɡὸ ὍὛ ὍὛ
 

υȢρω 

We have used the definition ἂɝ‫ ἃḳɝ‎ ἂὄἃ. Let us examine the form of ɡὸ for the 

case described here when ύὸ is center antisymmetric with a zero-mean. If we now define 

ύὸ with the form 

ύὸ
ύ ὸ π ὸ ὝȾς

ύ ὸ ὝȾς ὸ Ὕ
 υȢςπ 

where ύ ὸ ύ ὝȾς ὸ and generates the anti-symmetry about ὝȾς , then we may 

define ɡὸ as a piecewise time-dependent function as: 

ɡὸ ɝ‫

ừ
Ử
Ừ

Ử
ứ Ὠὸύ ὸᴂ                                                     π ὸ ὝȾς

Ὠὸύ ὸᴂ
Ⱦ 

Ὠὸύ ὸ
Ὕ

ς

Ⱦ

ὝȾς ὸ Ὕ

 υȢςρ 

Utilizing a center-antisymmetric waveform ensures that at the end of the period Ὕ that ɡὝ

π and thus eq. 5.18 is satisfied. Using the square-wave for example: 
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ύὸ
ρ     π ὸ ὝȾς
ρ ὝȾς ὸ Ὕ

 

ɡὸ ɝ‫
ὸ         π ὸ ὝȾς
Ὕ ὸ ὝȾς ὸ Ὕ

 

υȢςς 

Similarly with a sawtooth waveform: 

ύὸ

ςὸ

Ὕ
        π ὸ ὝȾς

ςὸ

Ὕ
ρ ὝȾς ὸ Ὕ

 

ɡὸ ɝ‫

ừ
Ừ

ứ
ὸ

Ὕ
       π ὸ ὝȾς

ὸ

Ὕ
ὸ ὝȾς ὸ Ὕ

 

υȢςσ 

Using the square wave as an example, we may calculate the toggling frame Hamiltonian in a 

piecewise time-dependent form as: 

꞊ ὸ ɝ‫ Ὓ ς“ὐ ὍϽὍ ὐ ὍὛ  

ς“ὐ

ừ
Ử
Ừ

Ử
ứ
ÃÏÓɝ‫ ὸ ὍὛ ὍὛ

ÓÉÎɝ‫ ὸ ὍὛ ὍὛ
            π ὸ ὝȾς

ÃÏÓɝ‫ Ὕ ὸ ὍὛ ὍὛ

ÓÉÎɝ‫ Ὕ ὸ ὍὛ ὍὛ
ὝȾς ὸ Ὕ

 

υȢςτ 

Note that when ύὸ is antisymmetric about ὝȾς that the first period from π ὸ ὝȾς  

corresponds to a positive-sense rotation of the Hamiltonian on a given trajectory and the 

second period from ὝȾς ὸ Ὕ corresponds to a negative-sense rotation along the same 

trajectory. As such, this lets us simply integrate from π ὸ ὝȾς, as the integration from 

ὝȾς ὸ Ὕ will have the same average. As such, ꞊  is given by: 

꞊
ρ

ὝȾς
Ὠὸ ꞊ ὸ

Ⱦ

 υȢςυ 
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꞊ ɝ‫ Ὓ ς“ὐ ὍϽὍ ὐ ὍὛ  

꞊
ς“ὐ

ὝȾς
Ὠὸ

ÃÏÓɝ‫ ὸ ὍὛ ὍὛ

ÓÉÎɝ‫ ὸ ὍὛ ὍὛ
 

꞊ ɝ‫ Ὓ ς“ὐ ὍϽὍ ὐ ὍὛ  

꞊ ς“ὐ

ở

Ở
ờ

ÓÉÎɝ‫ ὝȾς

ɝ‫ ὝȾς
ὍὛ ὍὛ

ρ ÃÏÓɝ‫ ὝȾς

ɝ‫ ὝȾς
ὍὛ ὍὛ

Ợ

ỡ
Ỡ

 

Equation 5.25 shows that the phase and magnitude of the transverse terms of the ὐ  coupling 

may be controlled by altering the period of the square wave (Fig. 61). Note that as Ὕᴼπ that 

the SABRE-SHEATH Hamiltonian is recovered, as is expected in the limit discussed 

previously. However, as Ὕ increases, the amplitude of the ὐ  terms can be selectively 

decreased and the relative phase of the ὐ  coupling may be controlled, and when ɝ‫ ὝȾς 

is integer-valued, these terms average fully to zero. Similarly, the sawtooth gives: 

꞊ ɝ‫ Ὓ ς“ὐ ὍϽὍ ὐ ὍὛ  

꞊ ς“ὐ

ở

ỞỞ
ờ

ὅ ςɝ‫ Ὕ

ςɝ‫ Ὕ
ὍὛ ὍὛ

Ὓ ςɝ‫ Ὕ

ςɝ‫ Ὕ
ὍὛ ὍὛ

Ợ

ỡỡ
Ỡ

 

υȢςφ 

The functions ὅ ὸ and Ὓ ὸ are the Fresnel integrals, which are defined by: 

ὅ ᾀ ὨὸÃÏÓ
“ὸ

ς
 υȢςχ 

Ὓ ᾀ ὨὸÓÉÎ
“ὸ

ς
 υȢςψ 
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Importantly, while the transverse terms of the ὐ  coupling may be fully averaged to zero in 

the case of the square wave, this is not the case in the sawtooth wave. Let us examine the case 

of ɝ‫ ὝȾς ρȾς as an example, which corresponds to a “ phase rotation of the transverse 

coupling terms trajectory, or ὍὛ ὍὛᴼ ὍὛ ὍὛ . For the square wave, the 

ὍὛ ὍὛ spend an equivalent amount of time being positively-valued for every point on 

the trajectory as they do being negatively valued, meaning that on average the ὍὛ ὍὛ 

terms average to zero, thus leading to the presence of nodes. However, while a sawtooth wave 

that satisfies ɝ‫ ὝȾς ρȾς makes the same transformation, the ὍὛ ὍὛ terms spend 

more time in the positively-valued region of the trajectory than they do in the negatively-valued 

region of the trajectory. As such, there is an incomplete averaging of the terms and ὍὛ

Figure 61: Operator magnitudes under different waveforms. For square-wave excitation, the 

ὍὛ ὍὛ term of the ὐ  coupling can be fully converted into a ὍὛ ὍὛ term. When 

ῳ‫ ὝȾς is an integer value, these terms fully average to zero. When a sawtooth waveform is 

used, the ὍὛ ὍὛ term cannot be fully converted into a ὍὛ ὍὛ, meaning that there are 

also no nodes where the transverse terms of the ὐ  coupling average to zero. 










































































































































































































